litaka-Viehweg Conjectures C and C^^ 
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O ■ Abstract 
(N ■ 

Given a fibre space X/ S with the generic geometric fibre of Kodaira dimension > 

' 0, we shall construct a variety Y ramified over X along such a horizontal hyperplane 

^ ' with respect to X/S that KoUar and Kawamata had proved Viehweg conjecture for 

^ ; Y/S with the generic geometric fibre of general type or of the abundant canonical 

\ invertible sheaf where Viehweg dimensions of X/S and Y/S are equal, respectively. 

\ We shall show that Viehweg dimension of X/ S is not greater than that of Y/ S by 

\ Mochizuki's Galois theory. 

^ '■ 

g ■ 1 Introduction: 

. To classify algebraic varieties in the category of birational geometry, litaka proposed many 

^ ■ conjectures after Kodaira-Enriques classification of surfaces. His key birational invariant 

^ ' is Kodaira dimension. One of his main conjectures is the following: 

^ ' Conjecture 1. Let X/S be a fibre space over the complex number field and Xfj the generic 

I ' geometric fibre of X/S. Then k,{X) > k(X^) + k,{S). 

^ ' Remark 1. Mabuchi suggested that the Griffiths infinitesimal variation Hodge theory is 

applicable to the proof of the conjecture assuming the abundance conjecture. Kawamata 
independently proved it in the similar idea under the abundance conjecture. Kolldr proved 
the conjecture in the case when the generic geometric fibre is of general type. 

Viehweg conjectures the following: 

Conjecture 2. Let f : X ^ S be a fibre space X/S with the generic geometric fibre of 
Kodaira dimension > 0. Then there exists a number m such that 

K{det f.ufjl) > var(X/5). 

This conjecture implies 

Conjecture 3. k,{ujx/s) ^ i^i^Xfj) +var(X/S') 
litaka conjecture C follows from the conjecture above. 
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2 Preliminary 



Definition 1. 

Let k be a field. A geometrically irreducible, reduced, smooth scheme X over k is said to 
be a non singular variety over k. 

Let X be a non singular variety of dimension d and Qx the differential sheaf over X. ujx 
denotes Q^. 

A connected proper surjective mophism f : X ^ S of non singular varieties X and S is 
said to be a fibre space X/S. 

Let f : X ^ S be a fibre space X/S. cox/s denotes cox <8) f*^^s^- 

Let L be an invertible sheaf over X. k{L) denotes the maximal dimension of the image 
variety of the rational map X P{r{X, L®"*)) defined by r{X, L®"^) Ox ^ L®"". We 
call k{L) litaka dimension of L. 

K,{oJx) is said to be Kodaira dimension, which is denoted by k{X). 

Let X/S he a fibre space. The minimal dimension ofT such that there exists a generically 
finite morphism S' ^ S in which X Xs S' is birationally equivalent to S' x^-Xq for some 
varieties T, Xq with Xq/T a fibre space. This dimension denotes Yax{X/S), which is 
called Viehweg dimension of a fibre space X/S. 



X X S' ^Xq XtS' 




T 



The category of bands of profinite groups is defined in the following. The objects are the 
pro finite groups and the arrows are the homomorphisms of profinite groups modulo inner 
automorphisms. 

A (^-divisor D is said to he effective if k,{D) > 0. Similarly, we say that a cycle of 
codimension 1 is effective if every coefficient is non negative. 
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Definition 2. Define a functor Divx/5 from the categoy of S-schemes to that of sets by 
the formula 

Div x/s{T) — { relative effective divisors D on Xt/T }. 

Lemma 1. Assume X/S is projective and flat. Then Divx/s is representable by an open 
subscheme of the Hilbert scheme Hilbx/5- 

Let A; be a field of characteristic 0. Let X be a projective normal variety over k and 
let M.X the sheaf of rational functions of X, M.*x the sheaf of invertible rational functions 
of X, which is a subsheaf of Mx and Ox — Ox r\M*x- 

Definition 3. Div ^ = Mx/0*x, Div(X) = T{X, Divx) 

An invertible Ox-submodule of A4x is said to be an invertible fractional sheaf for ex- 
ample, Ox{D) for a divisor D. 

An invertible Ox-module is said to be an invetible sheaf. The set of equivalence classes of 
couples [L, s) denotes D{X). Here L is an invertible sheaf, s is a nan global section 
of L. {L,s) and {L',s') are equivalent if there exists an isomorphism u : L ^ L' 
such that u{s) = s'. 

An element of Pic{X) Q is said to be a Q-invertible sheaf. 

An element of Div(X) ^ Q is said to be a Q-divisor. 

Facts 1. The order preserving homomorphism eye : Div{X) — >■ Z^{X) which assignes a 
divisor a cycle of codimension 1 is injective and the image cyc(Div{X)) consists of 
locally principal divisors. 

Let Z^(X) denote the free group generated by the cycles of codimension one on X . For 
every x & X Ox,x is factorial if and only if eye : Div(X) Z^(X) is bijective 

Let X^^") denote the set of points x e X such that dimOx,x — 1- Let f : X ^ S he 
a finite surjective morphism. Let D' — X^x'exCi) be a codimension 1 cycle. For 

X e XW, put = Ex'e/-H^)^^'[^(^') " ^^^^l- ■^*(-^') ^ ^xexW ^x{x} 
Suppose that / is fiat and that Z is non singular. 

Let D — nx{x} be a cycle of codimension 1. Put Xx' — length{0 x,x' / M.xO x,x' 

and Ux' = Xx'Ux. Then f*D = Y^x'exw "f^x'i^'}- 
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3 Horizontal Hypersurface 



Our main aim is to show the following theorem. 

Theorem 1. Let f : X ^ S be a fibre space of non singular varieties. Assume that 
i^{'^Xfj) > for the generic geometric fibre Xfj. Then there exists an integer m > such 
that K{det f*oj®Jg) > var(X/5). 

Viehweg's Lemma: 

Lemma 2. Let S' ^ S be a Kummer-Kawamata covering with respect to an ample divisor. 
Let X Xs S' ^ S' be the pull-back. Then X Xs S' has rational singularity. Further take 
a desingularization X"" X Xs S' . Then K,{det f^(-Ox"^^s') — '^(det f*i^x'/s)- 

We shall prove the theorem above in the following several steps. By Viehweg in order to 
prove the theorem, we can assume further that vax{X/S) — dim 5" and show the theorem. 

X" 



X' XxsS' ^XoXtS' 




Let f : X ^ S he a fibre space. Prom the extension of the ftmcton fields R{X) / R{S) , 
we have purely transcendental indeterminates ti, ■ ■ ■ , t,. over R{S) such that R{X) / R{S) (ti, • • • , tr) 
is a finite extension of degree d. Hence we obtain a dominant rational map X ^ S x . 
Resolving the indeterminacy of the rational map X — )> S* x P*", we have a birational map 
X' — )■ X and a morphism : X' — )■ S* x P**. We replace X' by X and let Z denote 5* x P^. 
Let X" be the integral closure of Z in the function field R{X). Namely, n : X ^ X" with 
u : X" Z is Stein factoization. Let /i : X ^ X" be the structure morphism. 
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s 



Recall the next lemma. 
Lemma 3. Ux/s is weakly positive with respect to f . 

In other words, given any a > and any big Q-invertible sheaf L over S, it holds that 
K{ujfJs®rL) > dim 5. 

We have a rational map X P(T{X, {ux/s® f* L)®"")) defined by Ox®T{X, {ux/s® 
f*L)®'^) — )■ {ujx/s ® f*L)^'^ for m >> 0. Take a resolution of the indeterminacy of the 
rational map, which is denoted by by X* — t- X. Then replace X* by X. Since X is non 
singular, there exists an effective Q-cartier divisor D such that o-'x'/s ® f*^ ~ Ox{.D) for 
any a > 0. 

Lemma 4. Let D he an effective Q-divisor on X . There exist an effective Q-divisor E 
and an effective Weil divisor D' on X" D = ^*D' + E such that E is a ii- exceptional 
divisor, i.e., the fi image of the support of E in X" is of codimension < 2. 

Proof. Since fi : X X" is birational, there exists a locus of codimension < 2 out- 
side which the restriction of /i is an isomorphism. Hence we have an effective Q-divisor 
decomposition D = fi*D' + E such that is a /i-exceptional divisor. □ 

Lemma 5. There exist Q-ample divisors Ci and C2 such that D' = C1 — C2 in Z^^\X" 
up to Q-linear equivalence. 

Proof. There exists a Q-ample divisor Ci such that Ci — D' is Q-ample, say, C2. □ 

Lemma 6. There exist Q-ample divisors Di and D2 over Z such that Ci = v*Di and 
C2 = i'*D2 up to Q-linear equivalence. 

Proof. We refer to the next lemma. 

Lemma 7 ( |EG A] 4-3). Let f : X ^ Y be a proper flat morphism of finite presentation. 
The set of y eY such that Xy is smooth over k{y) is open. 
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Since / : X — > 5" is a fibre space of non singular varieties, i.e., a projective connected 
morphism, a general fibre Xg for a closed point s & S is a non singular variety. Let Divg 
be a scheme representing a functor T — > Div5/fe(T). Its components are quasi- projective. 
Let r be the universal relative effective divisor on 5" x Div^/Div^. Note that a fibre of a 
closed point of 5" for F C -S" x Divg — > 5" is an effective divisor on S. A general fibre of a 
closed point s e 5" for f~^r C X x Div^ — > 5" x Divs — > Divg is a non singular variety, 
i.e., smooth and irreducible over k{s). Let S be the universal relative effective divisor on 
Z X Divz- Since the puUback of the universal relative effective divisor over T C S x Divs 
to p~^r C Z X Div5 gives a morphism Div5 — > Div^, a general fibre of a closed point t of 
Divz for 0~^S C X X Divz — > Divz is a non singular variety. Hence there exists a dense 
open set U of Div^ such that ^"^S/Div^lc/ is smooth and irreducible. Therefore there 
exists one point in X" over the generic point of an effective divisor on Z corresponding 
to a closed point t E U. 

A general member of the linear system of a sufficiently ample divoisor on X" is irre- 
ducible and moves freely. Hence the direct image of a general member by v is able to be 
a general irreducible divisor on Z, which is associated with a closed point t & U. 

Hence there exist a Q-ample divisors Di and D2 over Z such that Ci = i/*Di and 
C2 = i^*D2 up to Q-linear equivalence. □ 

Note that Pic(Z) = Pic(5) x Pic(P'') and that Pic(P'') ^ Z. Let p : Z ^ S and 
: Z — > P^. Let = i/o/x:X— Now put them together. We have 

1. ux/s = Ox{D - PL) 

2. D^fjL*D' + E 

3. D' ^Ci-C2^iy*{Di-D2) 

4. Di = p*Ai + aiq*H, where Ai is an ample Q-divisor on S, H is a. hyperplane section 
of P'' , ai is a rational number and i — 1,2. 

5. ux/s = Ox{-f*L+E+(P*ip*Ai+aiq*H-p*A2-a2q*H) = OxiE+(l)*p*A+a(l)*q*H), 
where A — —L -|- ^1 — A2, a — ai — 02. 

6. ii^ujfj's = n,Ox{ni{E + <p*p*A + a(f>*q*H)) = ii,Ox{m{(f>*p*A + a(t)*q*H)). 
Note that ^^Ox{mE) — ii*Ox, (f) — v o /j,. 

Lemma 8. C ©'^C'z 

Proof. We apply the next lemma to a finite morphism X" jZ. We refer to Weierstrass 
preparation lemma. 
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Lemma 9. Let a convergent series g e k{xi, ■ ■ ■ ,Xn} such that g{0, ■ ■ ■ ,Xn) 7^ and 
order p. Then B — k{xi, • • • ,Xn}/{g) is a free module over the ring A — k{xi, • • • , Xn-i} 
and has a basis of classes (1, • • • , x^~^) mod (g). 

The convergent series rings are strictly henzelian. Hence X"/Z is Kummer gerbe ,i-e., 
cyclic cover, with respect to the etale topology. We have u^Ox" = ©i=o~"^C'z(— [^-D]), 
where D is an effective divisor with respect to the etale topology. Note, however, that 
the composition of the morphisms X" Z and Z ^ P*" is a connected morphism. 

□ 

4 Cyclic Cover 

Let L = O x{<i>* (f {i>H)) . Here 6 > is taken sufficiently large. Choose a non singular 
irreducible divisor D such that L®^ = Ox{D). Tak;e a cyclic cover Y = Spec©o<i<ri-i 
of X, which denotes r : Y ^ X. Let D = diva. Here a is a section of Ox{D). Let Y be 
SpecOx[T]/{T"' — a). Note that F is a non singular variety and Y/S is a fibre space. By 
adjunction formula, Oy{Ky) = Oy{t*Kx®t*L®^''-^^) since Ky + t*L = t\Kx + D). It 
is well known r*Oy = ©o<i<n-i(-^^^)®'- Hence by projection formula, r^cj^"^ = r*(9y ® 
cufjl © i:®™(n-i), Let g = for. We obtain g,cu®Jl C ®o<^<n-McOxTs ® L®("*("-i)-^)) 
and det g.co^Jl C ©o<.<n-i det /*(cuf ™ © ^0(m(n-i)-i))_ 

Proposition 1. g.cu^Jl, = f,{nOY ®Ox ^Ijs ®Ox C ©<^ ©o<i<„-i ©O5' ® 

OsimA), where ri — dimr(P'', 0((ma + h{rn{n — 1) — i))H). 

Proof Prom the argument above, we have g^oj^J^^ C ©o<i<n-i/*(<^f/^ ® L®^'"^""^)"')) C 
®o<i<n-iP*{(p*{Ox{rnE))(S>Oz{rnaq*H+rnp*A+b{rn{ri—l)—i)q*H)), which is an injection 
into the following sheaf since (l)^Ox{mE) — u^n^OximE) — v^ji^Ox — (t>*Ox C ®'^Oz- 

©o<i<n-i p.Oz{{ma + h{m{n - 1) - i))q*H) © Os{\mA~\) = 

®o<i<n-i ®Os' ® Os{\mA]). Here n = dim r(P'', ©((ma + 6(m(n - 1) - i))/^). Note 
that \A'\ — A + {—A}. See the following lemma. 

Lemma 10. p^Oz{{ma + b{m{n - 1) - i))q*H) = ®Og% where ri = dimr(P'', 0{{ma + 
b(m(n-l) -i))H). 

□ 

We may assume that if b is taken sufficiently large, the generic geometric fibre of Y/ S is 
of general type, if necessary, the canonical invertible sheaf over the generic geometric fibre 
of Y/ S is abundant with R^g^cUyJ^ = for i > 0. The composite map tovo/j,: Y^Zis 
generically finite and the invertible sheaf q*H is relatively ample with respect top : Z ^ S. 
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Lemma 11. Let S be a non singular variety. Let L be an invertible sheaf and E' and E 
locally free sheaves of finite rank over S. Given the exact sequence —>■£"—>■£' (8) L and 
E^O"" for some n>0, then k{L^'' ® (detS')"^) > 0; '^here r = rank^;'. 

Proof. Take the dual and we have a homomorphism {E ® L)* — )■ (£")* and let the image 
be F and K the kernel. F and K are torsion free and locally free outside a closed subset 
of codimension > 2, which we denote S° . F is of the same rank as E' . We have the exact 
sequences (F (g) L)* ^ F ^ and Q ^ K ® L ^ (E)* F (g) L ^ over S°. 
Thus F (g) L is globally generated and F ® L ^ {E')* ® L is a,n isomorphism over 5*°. 
Hence det(F g) L) C det((F')* ® L). Note that det((F')* ® L) = L®*" (det E')'^, where 
r = rankF'. Therefore k{L®'' ® (detF')"^) > 0. □ 

Proposition 2. k{0 s{\mA'\)) > K{det g^ufj'g) 

Proof. Apply the lemma above to the following formula, g^UyJ^s C ® ®o<i<n-i 
Os{mA).i where = dimr(P'', 0{{ma + h{m{n — 1) — i))H). □ 

Consider the case when m — 1. Let D be a classifying space for a variation of Hodge 
structure and let F be the monodromy group, which is a subgroup of the arithmetic group 
of all hnear automorphism group of H^^™-^'>{Xs,C) which preserve a certain condition. 
Let $ : — > r\£) be a holomorphic period mapping satisfying the Griffiths transeversahty 
relation. A period mapping $ gives rise to a variation of Hodge structure by pulling back 
the universal family over T \ D. Since the generic geometric fibre of Y/S is of general 
type and var(y/S') > dim 5", the period mapping $ is a finite to one mapping. Hence we 
obtain k,{A) — dim 5". 

Kawamata proved the next theorem under the condition that the generic geometric 
fibre has the abundant canonical invertible sheaf and KoUar proved it when the generic 
geometric fibre is of general type. 

Lemma 12. fi;(det g^ujfj's) > var(F/5) 

Lemma 13. Given the exact sequence —>■£"—>■ F —>■£"'—>■ 0. If E is weakly positive 
and if det E' is big, then det E is big 

Proof. Since the quotient of a weakly positive sheaf is weakly positive, the exact sequence 
— )■ F' — )■ F — )■ F" — )> 0, where F is weakly positive and det F' is big, gives the conclusion 
that det F = det F' O det F" is big. □ 

Proposition 3. Ifva,-r{Y/S) > var(X/5') = dim^", max^>o «;(det > dim 5". 
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Proof. There exists an exact sequence — )■ (95([my4]) — )■ f*(jJxJs '^^^^ ^- Take the dual 
to get the homomorphism {f*oj^g)* — )■ Os{—[mA\). Let the image denote F and let the 
kernel be K. They and are torsion free and hence there exists an open sebset 5"° 

such that dim 5* — dim(5' \ S°) > 2 and that K, F and f^u'^J^^ are locally free. Note that 
F C Os{—[mA]) and so (^^([mA]) — )■ F* is a non zero injective map to a torsion free of 
rank one and that (^^([mA]) is big for infinitely many m since there exist infinitely many 
m such that I'm A] = mA = [mA]. 

Hence we have the exact sequence K if*^xTsy F of locally free sheaves 
of finite rank over 5*°. Thus we have the exact sequence F* /^w^^ — )■ K* — )■ 
of locally free sheaves of finite rank over 5"°. Let E' = F*, E = f*c0xjs = 
Consider sheaves over 5*°. Since the quotient of a weakly positive sheaf is weakly positive, 
the exact sequence ^ E' ^ E ^ E" — ?■ 0, where E is weakly positive and det E' is big, 
gives the conclusion that det E = det E' ® det E" is big. 

Recall Os{[mA]) C f.oOxTs^ ^^ve det f^oofjl. = Os{[mA]) ® detG, where G is 
the cokernel of the monomorphism (^^([mA]) C f^u'^J^. detG is weakly positive and 
05([mA]) is big for infinitely many m. Therefore 05 ([m A]) ® detG is big for infinitely 
many m. Therefore maXm>o ^(det f*'^xTs) ~ ^- '-' 



5 Mochizuki's Galois theory 

Let k be an algebraically closed field of characteristic 0, say, the complex number field. We 
investigate the birational algebraic geometry from the point of view of the profinite Galois 
groups thanks to Mochizuki theory. Let X S he a. fibre space of smooth algebraic spaces 
over k. Let Specfc(?7) denote the generic point of the fibre space and k{f]) the algebraic 
closure of k{ri). The absolute Galois group of R(X) is defined to be the Galois group with 
KuU topology of the Galois etension R(X)/R(X), which denotes Tx = Gal(R(X)/R(X)). 
This is a pofinite group. 

Theorem 2. JMchf Let p be a prime number. Let K be a subfield of a finitely generated 
field extension of Qp. Let Xk be a smooth pro-variety over K and Yk a hyperbolic pro- 
curve over K . Let Hom^™(X;^, Y^) be the set of dominant K -morphisms from X^ to Y^ 
and Homp'^'^(nx^, Ilyj^) the set of open continuous group homomorphisms ^ 
over Tk, modulo up to inner automorphisms arising from Ay^- . Then the natural map 

Hom|-(X^, Yk) ^ Rom^^^^ (Ux^^Uy,) 

is bijective. 
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Here we have a natural homomorphism tti{Xk) — > ^k- Let Ax^ be the maximal pro-p 
quotient of the geometric fundamental group 7ri(X^). Let Hx^ = 71i{Xk) / ker(7ri(X^) — 

Theorem 3. jMc^ Let p be a prime number. Let K be a subfield of a finitely gen- 
erated field extension of Qp. Let L,M be function fields of arbitrary dimension over 
K. Let Homspec(K)(Spec(L), Spec(M)) be the set of K-morphisms from M to L. Let 
Yiom^^^iV m) over Tk, considered up to composition with an inner automorphism 
arising from ker(rM,rK), where Tl and Tm are the absolute Galois groups of L and 
M, respectively. Then the natural map Homi^(Spec(L), Spec(M)) — )■ Homp^'^'^(rL, Fm) is 
bijective. 

Let p be a prime number. Let i^' be a subfield of a finitely generated field extension 
of Qp. It is called a sub-p-adic field. Note that there exists an isomorphism l : K = C 
when K is uncountable. 

Let Xfj be the geometric generic fibre of X/S. Then there exists a variety and a 
finitely generated extension field Kq of Q such that F^^ x^^ C = Xfj. 

Note that Birc(X;j) = BirQ^(F^o 

Let TT : Fi?^ — F^ denote the structure map associated to Spec K (Fx) — )■ F^ — )■ 
Spec(i^'), which is a surjection since K is algebraically closed in the rational function field 
of F . Let Z(Tpj^) denote the centre of Tp^^. Then n induces vr : Z(Tpj^) — )• Z(Tk). 

Lemma 14. Let A be an algebraic space in group locally of finite type over K (i.e. with 
at most countable components) and let p : F^^ A be a continuous homomorphism as 
topological groups. Then 

1. The image of this homomorphism p is a finite group. 

2. Let P = Tsif. There exist a variety S'j^ which is generically finite over Sk and 
an infective homomorphism P' ^ P with (P' : P) < oo such that the represen- 
tation p' : P' ^ A is trivial. Here P' denotes the absolute Galois group F5/ = 
G^\(K{S^)/K{S'^)). 

Proof. An algebraic space in group A is locally of finite type over K. The representation 
p : P ^ A induces J) : P A/A^, where A^ denotes the neutral component of A. Note 
that there is no countable profinite group. Since A/A^ is a countable set, p(P) is a finite 
group. Replace by P the kernel of p. We have p : P — )■ A^. We have an isomorphism 

H\K{S^/K{Sk),A%K{S^)) - H\P,A^) = Romc^^^^^iP^A') 

H] (Spec K{Sk),A'^) = TORS{Spec K{Sk),A^). 
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Let Q be an A^-torsor over Spec-ft'(S'x) associated to p : P — )■ A^. is algebraic (quasi- 
compact, faithfully flat and of finite type) over Spec i^'(S'i<-). There exists an isomorphism 
A^xQ ^QxQ over SpecK(S'x). Thus along Specii'(Q) Q Spec K{Sk), the pull- 
back of A^-torsor Q becomes trivial. Namely, the y4°-torsor Q is trivial over Spec K{S'j^)). 
Hence the induced homomorphism Gal{K{Q)/ K{Q)) — )■ is trivial. Let 5*^ — Sk be 
the Stein factorization of Q — )■ Sk- Then Tq — )■ F^^ is a surjective homomorphism. We 
have 

To ^ TsL C ^ A° ^ A. 



Since Fq — t- is trivial, i.e., Fg — t- 1, F^^ — )■ A is trivial. It is obvious that (F 
Fs^) < oo. Hence im(p) is a finite group. 



□ 



Note that a quotient of a scheme by a finite group is in the category of algebraic 
spaces. 

Proposition 4. Let X/ S be a fibre space. Let 1— J-G— j-i?— J-P— t-I be an extension 
of a pro finite group P by a pro finite group G associated to a fibre space X S. Namely 
G, E and P are profinite groups which are the absolute Galois groups associated to the 
rational function fields of the generic geometric fibre Xfj, X and S , respectively. 

Proof. Let X/S be a fibre space with the generic geometric fibre Xj^. To a fibre space 
the epimorphism Fr(x) '^k{S) is associated. Consider a morphism Spec(R(X)) — )• 
Spec(R(S')) with the generic geometric fibre SpecR(X^|). Grothendieck's algebraic vti 
in SGAl( [SGAj ) gives the exact sequence: 1 — t- 7ri(SpecR(Xj^)) — t- 7ri(Spec(R(X))) — > 
7ri(Spec(R(S'))) — t- 1. Here 7ri(SpecR(Xjj)), 7ri(Spec(R(X))) and 7ri(Spec(R(S'))) are the 
absolute Galois groups G, E and P themselves, respectively. See the diagram: 



X 



x^ 



R(X) 



F 



S ^ SpecA;(?7) 



R(S) 



1 



Thus to a fibre space X/ S the extension of a profinite groups 1— j-G— )■£'— )-P— )-lis 
associated. □ 

We make use of theory of Schreier's classification of group extensions, Grothendieck- 
Giraud's classification of topos extensions or Breen's classification of 2-gerbes and 2- 
stacks.( [AM] . |Gir] . [Breenlj . |Breen2] ) Here we take the notion of Breen's. 

Definition 4. An extension of groups 1— 7>G— t-P— t-P— t-I is said to be neutral if it 
has a section which is a group homomorphism a : P E. 
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An extension of groups 1— t-G— T-i?— )-P— )■! is said to be central if G is contained in 
the center of E. 



E is said to he a semi- direct product of G and P if G is a normal subgroup of E and if the 
multiplication (x, y),{u,v) G G x P is defined by {xu^, yv), where = a{y)ua{y)~^ . 
E is denoted by G y\ P. 

Inn(G') denotes the inner automorphism group of G. E ^ Aut(G) denotes the nat- 
ural homomorphism x E E ^ {g ^ g^) G Aut(G'). Out(G') is defined to be 
Aut(G')/Inn(G'). This induces a homomorphism E/G — )■ Aut(G)/Imi(G),ie., P — ?■ 
Out(G). 

We call left crossed module a homomorphism of groups 6 : G H, equipped with a left 
action of H onto G {h,g) h-)> ^g( lBreenl^ ): 



1. 6Cg) = h6{g)h-' 
^9 = 9' 99' 



2^ &{g')(, — ^/^^'-i 



G -^H 



Aut(G) 

i : G Aut(G), where g i— > ig{x H- gxg~^), and the natural action Aut(G) onto G 
defines a crossed module, which denotes G — t- Aut(G). 

To an exact sequence 1 — )■ InnG — AutG — OutG — > 1, we have an exact sequence 
H^(P,InnG) ^ H^(P,AutG) ^ H^(P,OutG), 

i.e., 

Hom(P,InnG) ^ Hom(P,AutG) ^ Hom(P, OutG). 

Here OutG denotes the outer automorphism group of G. Let G — > AutG denote the 
crossed module. The set of the etensions of a profinite group P by a profinite group G 
denotes Ext(P, G). A group extension can be defined to be as an element of H^(P, (G 
AutG)). There exists an exact sequence 1 -> Z(G)[1] -)• (G -)• Aut(G)) OutG -> 
1 ( |Breen2] ) . We have the exact sequence of cohomologiesf [B"reen2j ) : 

^ H2(P, Z(G)) ^ YL\P, (G ^ AutG)) ^ Hi(P, OutG). 



12 



Here Z(G) denotes the center of G. There exists another sequence Aut{G) — )■ (G — )■ 
Aut{G)) —7- G[l] in the homotopy category. See the next commutative diagram: 



H^{P, Inn{G)) H\P, Aut{G)) H^{P, Z{G)) 

H\P, Aut{G)) H\P, G Aut{G)) 

H\P,Out{G)) 



H'{P,Z{G)) 

This vertical sequence is nothing but the following exact sequence 

Ext(P, Z(G)) ^ Ext(P, G) Hom(P, Out(G)) ^ H%P, Z{G)) 

Proposition 5 ( |EGA] ). Let S be a scheme, {Xx,vx^) a filtered projective system of S- 
schemes; assume that there exists a such that Va\ is an affine morphism for every X> a, 
so that the projective limit X = limX^ exists in the category of S- schemes. Let Y be 
an S-scheme and for every X > a let ex : B.oms{Xx,Y) — > }loms{X,Y)the map which 
gives f = fx ° vx to each S -morphism fx : Xx — )■ Y , where Vx '■ X ^ Xx is the canonical 
morphism. The family {ex) is an inductive system of maps, which defines the canonical 
map 

limHom5(XA,F) -> Yioms{X,Y). 

Suppose that X^ is quasi-compact and quasi-separated and that the structure morphism 
Y ^ S is locally of finite presentation (resp. locally of finite type). Then the map above 
is bijective (resp. injective). Furthermore, suppose that limYp, where {Yp,tpcr is a fil- 
tered projective system of S -schemes such that the structure morphism is locally of finite 
presentation for every p. One has a canonical bijection 

Hom5(X,r) = lim(limHom5(XA,rp)). 

Proposition 6. Let K be a sub-p-adic field and X/S a fibre space of varieties over K. 
Let Sx be a filtered projective system of K -varieties such that 

1. K{Sx)/K{S) is a normal extension for every A 

2. for every fi > X K{Sf^)/K{Sx) is a normal extension 

3. the structure homomorphism Tk{Sx) ~^ ^■^ surjective. 
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Let Fg — ker(r5 — >■ r^^-) and Fj^ — ker(rx — >■ F^)- Suppose a sectional homomor- 
phism F-g — >■ Fj^ C Fx so that one has a homomorphism F-g — >■ Autr^(rx) and F^ — >■ 
Autr,(rxJ. 

Let A{S)x = i-ni{Fg -)• Autr^(rx;,)). If ji < \, one has A{S)^ A{S)x. One has a 
map 

lim^(:S)A ^ lim(limHom°7(rx„rxJ/r^). 

Let B{S) — iio[i(F^ — >• lim(limHomp^"(rx;^, rx^)/r;x^). One has a canonical Mochizuki 
bijection: 

lim(limHom°P;"(rx„ TxJ/r^) = lim(limMo4°™(Spec(i^(X;,), Spec{K {X ^))) . 

* M a' * M a' 

5?/ ^/le precedent proposition, one obtains 

lim(lim Mor^'"(Spec(is:(XA), Spec(is:(X^))) C Mor^(lim Spec K{Xx),lim Spec is:(X^)). 

* M A * ' A * M 

One a/50 canonical homomorphisms of topological groups: 

Fg W-m A(S)x B(S) C Aut;^ (limSpecX(XA)) C Bir^(X^). 

"A* 

In the other way, one obtains a canonical homomorphism 

Fs^limA(S)x ^ B(S) ^ Autr^(limrx„ limr^J/ lim ^ Out(rx^). 



In particular, if F^ — )■ BiT^{K{Xjj) is a trivial homomorphism, then so is F^ — >■ 

Out(rx^). 

Proof. Since Sx be a filtered projective system of iiT- varieties such that 

1. K{Sx)/K{S) is a normal extension for every A 

2. for every ii>\ K {S ^j) / K {S x) is a normal extension 

3. the structure homomorphism Fk{Sx) ~^ is surjective, 

and by assumption there exists a sectional homomorphism F^ — )■ F^ C Fx, one has a 
homomorphism Autrj^(rx) and Fg Autr^^ (r^^). By Mochizuki's theorem, one 

has 

limHom°^;"(rx„ TxJ/r^ = limMorl°™(Spec(ir(X,), Spec{K{X,)). 

Hence 

lim(limHom°P;"(rx,, r^J/r^) - lim(limMor^°'"(Spec(i^(X,), Spec(i^(X^))) 

* M A* * M a' 
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Since A{S)x — 'noa.{T^ — >■ Autr^(rx;^)) and since for < A, A{S)fj, — )■ A{S)x, one has 
a map for every /i 

lim A(S), ^ iimHom^^;"(rx„rxJ/r^. 

Hence 

lim(limyl(:S)A) = lim A(S), ^ lim(limHom°7(rx„ T^J/r^). 
Owing to Mochizuki's bijection and the precedent proposition in EGA, 
limA(S)x Um(hmMor^"*(Spec(/s:(XA),Spec(/s:(X^))) C Mor;^(hm Spec /s:(XA),hm Spec 

Therefore one gets non trivial canonical homomorphisms of topological groups: 

^ lim^(5)A ^ AutK(limSpecii'(XA)). 

"A* 

Note that 

Aut;f(limSpecX(XA)) C Aut^(Speci^(X^)) = Bir^(X^) 
Secondly, we show that there exists a canonical homomorphism 
Autr, (hm Fx, , hm Fx,)/ hm ^ Out(rx^) . 
Since lim Tx^ ^x^ , one has a canonical map 

Homr^ {Tx^ , Tx J ^ Homr^ (hm Tx^ , J • 

It follows that 

lim(limHom^7(r;,„r;,J/r^) ^ lim(Hom^7(limrx„rxJ/r^) 

M A M A 

and from the definition of the projective limit 

lim(Hom°7(limrx„rxJ/r^) = Hom°^-(limrx,,limrxJ/limr^ 

Since 

limr^,, < — T; 

one has a canonical map 



M A ^ A ;i M 



Hom°^;"(lim lim r^J/ lim ^ Out(rx^) 
and a canonical homomorphism 

Autr^ (hm Fx, , hm Tx^ ) / hm ^ Out(rx^) . 

□ 
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We consider the following diagrams: 



Yk Xk Sk *■ Xk ^ Sk 




Proposition 7 ( [Mchj ) . Let L be a sub-p-adic field and a function field. is center-free. 

It is known by Douady that the absolute Galois group of the function field of Pj-. is 
a free profinite group. Every open subgroup of a free profinite group is also free. A free 
profinite group is center- free. 

Proposition 8. Let K be a sub-p-adic field and X^/Sk a fibre space over K . Let Tx^j 
Tsp and be the absolute Galois groups of the sub-p-adic fields K{Xk), K{Sf) and K, 
respectively. To a fibre space X^/Sk up to birational equivalence, i.e., algebraically closed 
extension K{Sk) C K{Xk), there corresponds an exact sequence: 

l^Tx^^ Tx,, -> r^,- ^ 1 

1. The extension of profinite groups above is expressed by an element of the pointed set 

i/i(r5^,(r^^,^Aut(r^^.)). 

2. The following is bijection H^Tg^, {Tp^ Aut(rF^,)) = H^Ts^, Out(rF^)) 
3. 

H\Ts^,, AntiVp^)) ^H\rs^, (F^^ ^ Aut(r^^.)) 
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4- Let S'j^ — >■ Sk be a dominant K-rational map and X'^^/S'j^ a pull-back of Xk/Sk- 



X 



K 



S' 



K 



lim Autr,, {Tx',))/Tf^ ^ Aut(r^^)/r^^ 



Proof. 1. There exist a natural restrictions KntYjiiTxn) ~^ Aut(rjss:^). 

2. Let p : Fx^ ~^ be the structure map. Let w be a F^^- automorphism Fx^ and 
X e Txff. p{u{x)) = p{x) ^IeVk- Hence u{x) e Vx^- 

□ 

Lemma 15. Assume there exists a dominant Sx-rational map Xk Sk — ^ X^- Then 
there exists a continuous homomorphism F^^ — )■ Autr^(Fx^), which is an element of 
if^(Fs^, Autr^(Fx^)). In other word, we have F^^ AutK{K{XK))- The following 
square is commutative. 

H\rs^,AutrA^xJ)^H\rs^, (F^^ ^ Aut(F^^)) 



Proof. Since there exists a dominant (S^-rational map YkXrSk — > Xk, Mochzuki'correspondence 
imphes the commutative diagram of open homomorphisms 




There exists an open homomorphism Fy^ x F5^ — )■ F^^ — )■ Ts^- Hence there exists 
a sectional homomorphism Tsp. Fx^ C Fx^- By the sectional homomorphism F^^ — > 
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r^K) we have a continuous homomorphism Fs^ — >■ Autr^(rx^) by inner automorpisms. 
Since -^IcTk, we have Ts^ Autrji{Txji)- 

□ 

Note that letting K{Sk) and — )■ 5*^ be such a finite extension in a sub-p-adic 
fields and its pull-back that h{Sk) = dim S'i^ , then k,{Xk) > i^{Fp^) + dim(5'K). 

Lemma 16. Let K he a sub-p-adic field. Assume that Bir(F^) is an algebraic space in 
group locally of finite type and that there exist a dominant Sx-rational map Sk — >■ 

Xk Then there exists a generically finite morphism S'j^ — )■ Sk such that the natural map 
if ^(r^^- , (r^?^- — )■ Autri^(TF-)) H^(Ts'^, (Tp- — )■ Aut(rF^)) sends the extension class 
to the trivial extension class, i.e., a distinguished element. 

Proof. Since there exist a dominant (S'x-rational map Yk Xr Sk — > Xk, there exist 
a section — > Txji and a F^^ — )■ Inn(Fx^) Aut(Fjss:^). Choose a if-dominant 
map S'j( — >■ Sk such that Tsi^ D is normal and of finite index. Hence it induces 
F5_ Autr,^.(rx;J. Let Aut^'?'''"''''(Fx^) C Aut(Fx^) be a subgroup such that each 
automorphism is equivariant with natural maps Fx^^ — > I'sk ~^ and keeps invariant 
normal subgroups. 

^ < ^ lim^ Fx"^ < T^.^ 

■ , \ Y " 

^Sk ^ ^s'^ ^ hm^ F5"^ ^ Tk{k) 

Tk ^K ■ ■ • ^K = 1 



Aut^^;'"'''-(FxJ/Fx^ ^Aut— '•(F^g/Fx^ ^hm^ Aut^^;'"'-(Fx^)/Fx^ 
Biri^(i^(Xj^))^'?"^''*°'' ^ Bir^(is:(X;^))'=«"^'"<^ ^ lim^ Birj^(ir(X^))^'?"^'"°'' 

Aut~xrxg/rx. ^hm^ Aut^^;'"'''^(rx.)/rx. ^ Autr,(r^j/ 

Birx(i^(X^))^^"''"°'^ ^ lim^ Bir^(i^(X^))^«"^'"'"' ^ Bir^^ (is:(Fx)) 
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Thus by the precedent proposition the image of F^^ B{Sk) C Bir(X^) is fi- 
nite and there exists a homomorphism Vsf^ — > B{Sk) — )■ Out(ri7'^). Thus one can ob- 
tain there exists a generically finite morphism S'^^ — > Sk such that the natural map 
H^i^Sa: C)ut(ri?^)) — >■ H^{Ts'^, 0ut(rj7^)) sends the extension class to the trivial exten- 
sion class, i.e., a distinguished element. □ 

Theorem 4 ([] ). There are equivalent expressions of extensions ofVsi^ by G. 

1. 

BiTors(G') ^ Eq(G'[l]) ^ (G ^ Aut(G')) 
as monoidal categories. 

2. 

H\rs,, BiTors(G)) ^ H^Fs,, Eq(G[l])) ^ H^Fs,, {G ^ Aut(G))) 

as pointed sets 

3. 

Mon(r5,,BiTors(G)) ^ Mon(r5^, Eq(G'[l])) ^ Mon(r5,, {G ^ Aut(G))) 
as morphisms of monoidal categories. 
Proposition 9. We have the following results. 

1. 

Hom^P^^'^f^rxK, ^Sk) I^Sj, = Mor^^-'''''''^'^'~(Spec K{Xk), Spec K{Sk)) 

, where epi and alg. closed mean epimorphisms and algebraically closed extensions, 
respectively. 

2. (1) is equivalent to a category of fibre spaces between projective varieties 

Xk 

Sk 
SpecX 

up to birational equivalence. 
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3. there exists a restriction map 

Hom^7(rx,, Vs,)lVs^ ^ Hom°7(rx^, Vs^)/Vs^ 
, where = 1 . 

4- the following map is pulling back extensions or "base change". 



> 



5. the following is an exact sequence. 

i^Tx^^ Tx^ ^ ^ 1 

1 ^ Homr,(r^, Vs,) ^ Homr,(rx^, Vs.) ^ Homr_(rx^, Ts^) 

6. 



1 ^ Monr,(r;,,Eq(G[l])) ^ Monr,(r5,, Eq(G[l])) ^ Monr-(r5^, Eq(G[l])) 

7. 

Hom°P;"(r^^, r;,)/r;, ^ Mor^(Spec /^(F;,), Spec /T) 

Proof. 1. Applying Mochizuki theory we have (1) and (2) since a fibre space has con- 
nected fibres. 

2. (3) is obtained by restricting homomorphisms to homomorphisms over 1 = Vj^ — > 
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3. (4) and (6) are pulling back extensions by base change F^— — >■ Fg^. 

4. (7) is Mochizuki correspondence. 

5. (5) Applying a left-exct functor Homr^ we have an exact sequence. 

6. The contravariant functor Homr^ (— , ^Sk) ^ left-exact. Note that Homr^^ (— , ^Sk) — 
Homr^(-,F5g. 

7. The contravariant functor Monr^(—, Eq(G[l])) is left-exact. Note that Monr^(F5^, Eq(G[l])) = 
Monr^(r5^,Eq(G[l])) 

□ 

Proposition 10. Let K be a sub-p-adic field. Assume that Bir(F/f ) is an algebraic space 
in group locally of finite type and that there exist a dominant Sx-rational map YkX^Sk — ^ 
Xk Then there exists a generically finite morphism S'j^ Sk such thatthere exists a 
hirational equivalence over S'j^ 

Xk Xsk ^'k — Xk 
, i.e., Xk/Sk is birationally isotrivial. 

Proof. Let X be a sub-p-adic field. Assume that Bir(F/f ) is an algebraic space in group 
locally of finite type and that there exist a dominant ySi^-rational map Yk Xk Sk — >■ Xk 
Then there exists a generically finite morphism S'j^ — > Sk such that the natural map 
i/^(F5- , (Fp- Autr^(FF_)) H^O^s'^, O^Fh AutiTpj^)) sends the extension class 
to the trivial extension class, i.e., a distinguished element. Let G — F^?^. One has the 
following exact sequence: 

1 ^ Monr,(F^,Eq(G[l])) ^ Monr,(F5^, Eq(G[l])) ^ Monr_(F5^, Eq(G[l])) 

The element of Xk x^^ S'^ in Monr^(r5/^, Eq(G'[l])) maps to 1 in Monr-{TsL_, Eq(G'[l])). 
Hence choosing a variety Fk one obtains Xk Xsj^S'j^ ~ Fk XkS'j^ birationally by pull-back 
and Mochizuki correspondence. 

□ 

6 Birational automorphism groups in Algebraic Ge- 
ometry 

Theorem 5. Let X be a non singular projective variety of Kodaira dimension > 0. 
Bir{X) is a scheme which is locally of finite type. 
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We shall prove the theorem using the following Lemmas. 

Lemma 17. Let X be a quasi-projective variety. Then Aut(X) is a group scheme which 
is locally of finite type. 

Proof. Since X is quasi-projective, it suffices to consider some compactification X of X 
and Hilbxxx- n 

Let Aut°(X) denote the connected component of Aut(X) which contains an identity 
of the group. 

We refer to the following A.Weil-M.Rosenlicht's theorem. 

Theorem 6. ( IRof ) Let the algebraic group G operate on the variety V and let k be a 
field of definition for G, V and the operation of G on V . Then there exists a variety V , 
birationally equivalent over k to V , such that the operation of G on V that is induced by 
its operation on V is regular. 

Lemma 18. Let X be a projective variety. There exists an inductive system of monomor- 
phisms Aut°(Xi) — )■ Aut°(Xi+i) such that Xq = X, Aut''(Xi) acts regularly on some quasi- 
projective variety Xj+i which is a quasi-projective variety Xi\H where H is a hypersurface 
of Xi. The inductive limit of the system (Aut°(Xi))igi is locally compact Lie group and 
an ind-algebraic space. Hence it is a pro-Lie group. If X is of Kodaira dimension > 0, 
the birational automorphism group is locally algebraic. 

Proof. By Weil-Rosenlicht's theorem([?]) and the lemma above, we can construct an in- 
ductive system of monomorphisms Aut°(Xi) — )■ Aut°(Xi+i) such that Xq = X, Aut°(Xi) 
acts regularly on some quasi-projective variety Xj+i which is a quasi-projective variety 
Xi\H where H is a hypersurface of Xj. Since any Aut''(Xi) is an algebraic group, the in- 
ductive limit is a Baire space in the complex topology, i.e., an inner point in the limit space 
is also an inner point some Aut°(Xi). Thus the inductive limit of the system (Aut°(Xi))igi 
is locally compact Lie group and an ind-algebraic space, which is also a pro-Lie group. 
When k{X) > 0, there exists a maximal algebraic group birationally acting on X by 
[Matj . Hence the inductive limit is an algebaic group which turns out to be an abelian 
group by [Mat] . □ 

Thus the theorem above is proved. 

Hence the theorem in the preceded section is equivalent to the following theorem. 

Theorem 7. LetX/S be a fibre space with the generic geometric fibe of Kodaira dimension 
> 0. If X/S is neutral, then X/S is isotrivial. 
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Proof. The birational automorphism group of the generic geometric fibre of X/ S is locally 
of finite type. Hence the extension 1— t-G— t-E'— t-P— 7>1 associated to a fibre space X/ S 
satisfies the assumption of the theorem in the preceded section. □ 

7 litaka-Viehweg conjecture 

Theorem 8. Let f -.^ S be a fibre space X/S with the generic geometric fibre Xf^ of 
Kodaira dimension > 0. 

K(det f.u^ljs) ^ var(X/S) 

The proof shall be obtained by combining the next two lemmas. 

Lemma 19. Let f : X ^ S be a fibre space X/S with the generic geometric fibre Xf^ of 
Kodaira dimension > 0. There exists a fibre space g : Y ^ S such that 

1. h : Y ^ X is a cover over X such that g = f ok, 

2. the generic geometric fibre Yf^ ofY/S is of general type, if necessary, the canonical 
invertible sheaf of 1^ is taken to be abundant, 

3. K{det f.uljs) = n{det g^iofjl). 

Proof. Embed X into some projective space P and X/S into the trivial fibre space 5 x P. 
Let z : X — )■ X P be the embedding over S. Choose a general hyperplane if in 5* x P 
such that the intersection X fl if is a non singular variety and H = Hq x S" is horizontal 
in S" X P. Take a branch cover Y of X along H. Choose a hyperplane H such that Y/S 
has a general fibre of general type. We have proved n{det f^^ufJJ'g) = ^(det (7^,0;®^). □ 

By Kollar's theorem, if necessary, Kawamata's theorem ( |Kaw] ) . 

Theorem 9. K(det f.oof^s) = '^(det g.uj^Jl) > var{Y/S). 

Lemma 20. Let Y/S and X/S be fibre spaces over K and X/S with the generic geometric 
fibre of Kodaira dimension > 0. Assume that there exists a dominant S -rational map 
Y ^ X. Then var(Y/S) > var(X/S). 

Proof. Let var(y/5') = v. By definition of Viehweg dimension, there exist varieties S", T 
and lo such that y x^ S" is birationally equivalent to Yq Xr S' with Yq/T a fibre space 
and T of dimension v. Hence Yq Xt S' ^ X Xs S' is a dominant S"-rational map. Let ( 
be the generic point of T and k{() the algebraic closure of k{(). The induced dominant 
S' Xt Spec(fc(C))-rational map Yq Xt {S' Xt Spec(fc(C))) ^ XxgS' Xt Spec(^(C))- By 
the following lemma, var(X Xg S' x^ Spec(/i;(C)) = 0. Hence var(X/S) < v. We therefore 
obtain var(Y/S) > var(X/S). □ 
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Lemma 21. Let Y/S and X/S he fibre spaces over K and the generic geometric fibre of 
X/S with Kodaira dimension > 0. Assume that there exists a dominant S -rational map. 
Then var(Y/S) = 0, then var(X/S) = 0. 

Proof. To show that if var(Y/S) = 0, then var(X/S) = 0, the statement is vahd even if 
the fibre spaces Y/ S and X/S are changed to a base S' on which in the definition Viehweg 
dimension Y is birationally equivalent to Yq x S' for a variety Yq. Since Kodaira dimension 
of the generic geometric fibre of X/ S is non negative, the birational automorphism group 
is an algebraic space in group locally of finite type. Hence one obtains var(X/5') = from 
the precedent proposition. □ 
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litaka-Viehweg Conjectures C and C^^ 

Kazuhisa MAEHARA* 



O 

^ '. Abstract 

, ^ ' Given a fibre space X/ S with the generic geometric fibre of Kodaira dimension > 

0, we shall construct a variety Y ramified over X along such a horizontal hyperplane 
\ with respect to X/S that Kollar and Kawamata had proved Viehweg conjecture for 

Y/ S with the generic geometric fibre of general type or of the abundant canonical 
\ invertible sheaf where Viehweg dimensions of X/S and Y/ S are equal, respectively. 

! We shall show that Viehweg dimension of X/ S is not greater than that of Y/ S by 

r~| , Mochizuki's Galois theory. 



1 Introduction: 

To classify algebraic varieties in the category of birational geometry, litaka proposed many 
^ ' conjectures after Kodaira-Enriques classification of surfaces. His key birational invariant 

O \ is Kodaira dimension. One of his main conjectures is the following: 



> 



Conjecture 1. Let X/S be a fibre space over the complex number field and Xfj the generic 



O ■ geometric fibre of X/S. Then k,{X) > K(Xfj) + k{S). 



■ Remark 1. Mabuchi suggested that the Griffiths infinitesimal variation Hodge theory is 

^ ' applicable to the proof of the conjecture assuming the abundance conjecture. Kawamata 

independently proved it in the similar idea under the abundance conjecture. Kollar proved 
the conjecture in the case when the generic geometric fibre is of general type and Viehweg 
also proved them fjKav^ . fKo^ . meh^ . meh3l , [Vieh4^ ). 

Viehweg conjectures the following: 

Conjecture 2. Let f : X ^ S be a fibre space X/S with the generic geometric fibre of 
Kodaira dimension > 0. Then there exists a number m such that 

K{det f.ojfj].) > var(X/S). 



* kazO 9 8 7@ gamma . o cn . ne . j p 
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This conjecture implies 



Conjecture 3. k{uix/s) > i^i'^x,^) + yw:{X/S) 

litaka conjecture C follows from the conjecture above. I thank deeply Prof. Noboru 
Nakayama for discussion. 

2 Preliminary 

Definition 1. 

Let k he a field. A geometrically irreducible, reduced, smooth scheme X over k is said to 
be a non singular variety over k. 

Let X be a non singular variety of dimension d and Qx the differential sheaf over X. uix 
denotes Q^. 

A connected proper surjective mophism f : X ^ S of non singular varieties X and S is 
said to be a fibre space X/S. 

Let f : X —> S be a fibre space X/S. cux/s denotes cox ® f*^s^ ■ 

Let L be an invertible sheaf over X . k{L) denotes the maximal dimension of the image 
variety of the rational map X ^ P{T{X, L®"*)) defined by r{X, L®"") ® Ox ^ L^"". We 
call K,{L) litaka dimension of L. 

k{ujx) is said to be Kodaira dimension, which is denoted by k{X). 

Let X/S be a fibre space. The minimal dimension ofT such that there exists a generically 
finite morphism S' ^ S in which X Xs S' is birationally equivalent to S' Xt Xq for some 
varieties T, Xq with Xq/T a fibre space. This dimension denotes var{X/S), which is 
called Viehweg dimension of a fibre space X/S. 



X X S' 



Xq Xt S' 



X 



S^ 




The category of bands of profinite groups is defined in the following. The objects are the 
profinite groups and the arrows are the homomorphisms of profinite groups modulo inner 
automorphisms. 

A Q-divisor D is said to be effective if k{D) > 0. Similarly, we say that a cycle of 
codimension 1 is effective if every coefficient is non negative. 

Definition 2. Define a functor Divx/s from the categoy of S -schemes to that of sets by 
the formula 

Divx/siT) — { relative effective divisors D on Xt/T }. 

Lemma 1. Assume X/S is projective and flat. Then Divx/5 is representable by an open 
subscheme of the Hilbert scheme Hilbx/5- 

Let A; be a field of characteristic 0. Let X be a projective normal variety over k and 
let M.X the sheaf of rational functions of X, Ai*x the sheaf of invertible rational functions 
of X, which is a subsheaf of Mx and Ox — Ox r\M*x. 

Definition 3. Div ^ = Mx/0*x, Div(X) = TjX, Div^) 

An invertible Ox-submodule of M.x is said to be an invertible fractional sheaf, for ex- 
ample, Ox{D) for a divisor D. 

An invertible Ox -module is said to be an invetible sheaf. The set of equivalence classes of 
couples (L, s) denotes D{X). Here L is an invertible sheaf, s is a non global section 
of L. (L, s) and {L', s') are equivalent if there exists an isomorphism u : L ^ L' 
such that u{s) = s'. 

An element of Pic{X) <S) Q, is said to be a Q-invertible sheaf. 

An element of Div{X) (g) Q is said to be a Q-divisor. 

Facts 1. The order preserving homomorphism eye : Diy{X) — )■ Z^{X) which assignes a 
divisor a cycle of codimension 1 is infective and the image cyc(Div{X)) consists of 
locally principal divisors. 

Let Z^(X) denote the free group generated by the cycles of codimension one on X . For 
every x E X Ox,x is factorial if and only if eye : Div(X) is bijective 

Let X^^^ denote the set of points x E X such that dimOx,x — 1- Let f : X ^ S he 
a finite surjective morphism. Let D' — X]x'ex(i) be a codimension 1 cycle. For 

X e X^^\ put Ux = J2x'ef-Hx)^AH^') ■ K^)]- f*{D') = Exex(i) 

Suppose that / is fiat and that Z is non singular. 

Let D — Ylix£S'--^) rix{x} be a cycle of codimension 1. Put X^' — length{Ox,x' / •M.xOx,x' 
and Ux' = Xx'rix- Then f*D = Y.^,^xW rix'ix'}- 
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3 Horizontal Hypersurface 



Our main aim is to show the following theorem. 

Theorem 1. Let f : X ^ S be a fibre space of non singular varieties. Assume that 
i^{'^Xfj) > for the generic geometric fibre Xfj. Then there exists an integer m > such 
that K{det f*oj®Jg) > var(X/5). 

Viehweg's Lemma: 

Lemma 2. Let S' ^ S be a Kummer-Kawamata covering with respect to an ample divisor. 
Let X Xs S' ^ S' be the pull-back. Then X Xs S' has rational singularity. Further take 
a desingularization X"" X Xs S' . Then K,{det f^(-Ox"^^s') — '^(det f*i^x'/s)- 

We shall prove the theorem above in the following several steps. By Viehweg in order to 
prove the theorem, we can assume further that vax{X/S) — dim 5" and show the theorem. 

X" 



X' XxsS' ^XoXtS' 




Let f : X ^ S he a fibre space. Prom the extension of the ftmcton fields R{X) / R{S) , 
we have purely transcendental indeterminates ti, ■ ■ ■ , t,. over R{S) such that R{X) / R{S) (ti, • • • , tr) 
is a finite extension of degree d. Hence we obtain a dominant rational map X ^ S x . 
Resolving the indeterminacy of the rational map X — )> S* x P*", we have a birational map 
X' — )■ X and a morphism : X' — )■ S* x P**. We replace X' by X and let Z denote 5* x P^. 
Let X" be the integral closure of Z in the function field R{X). Namely, n : X ^ X" with 
u : X" Z is Stein factoization. Let /i : X ^ X" be the structure morphism. 
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X 




s 



Recall the next lemma. 
Lemma 3. Ux/s is weakly positive with respect to f. 

In other words, given any a > and any big Q-invertible sheaf L over S, it holds that 

K{oofJs0f*L) > dim 5. 

Wc have a rational map X P(r(X, (wx/s®/*^)®™)) defined by Ox®T{X, {ujx/s<» 
{iox/s ® y*/,)'^™ for m » 0. Take a resolution of the indeterminacy of the 
rational map, which is denoted by by X* — )■ X. Then replace X* by X. Since X is non 
singular, there exists an effective Q-cartier divisor D such that uj'^Jg <^ f*L — Ox{D) for 
any a > 0. 

Lemma 4. Let D be an effective Q-divisor on X. There exist aQ-divisor E and an 
effective Weil divisor D' on X" D — ii*D' + E such that E is a ^-exceptional divisor, 
i.e., the n image of the support of E in X" is of codimension < 2. 

Proof. Since fi : X ^ X" is birational, there exists a locus of codimension < 2 out- 
side which the restriction of /x is an isomorphism. Hence we have an effective Q-divisor 
decomposition D — ^*D' -\- E such that £^ is a //-exceptional divisor. □ 

Lemma 5. There exist Q,- ample divisors Ci and Ci on X" such that D' — C\ — Ci in 
Tp-^iX" Q) up to Q-linear equivalence. 

Proof. There exists a Q-ample divisor Ci such that Ci — D' is Q-ample, say, C2. □ 

Lemma 6. Let C he an ample divisor C on X" . Then v^C is ample. 

Proof. Since C is ample, every intersection number (C, v*(!-a) > for any curve on 
Z and for a pseudo-curve which is a limit of curves, (C, i'*ia) — {t^*C, ia) > by the 
projection formula. Hence u^C is ample. □ 
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Lemma 7. There exist a Q-ample divisor Di and a Q-ample divisor D2 over Z such that 
Ci = u*Di and v*D2 = C2 + Q-ejfective divisor up to Q-linear equivalence. Furthermore, 
Let Di = p*Ai + aiq*H, where Ai are Q-divisors on S for i = 1,2, H is a hyperplane 
section of P*" , is a rational number i for i = 1,2. C2 = i'* D2— Q- effective divisor = 
v*p*A2 + C'2, C'2 < a2V*q*H. 

Proof. Since a general fibre of X/S is irreducible and smooth, are irreducible. On 
the other hand, (f)*H is reducible. C2 is a component of v*D2 = v*{p*A2 + a2q*H). Hence 
C2 is in the form v*p*A2 + C'2 and C2 < a2i'*q*H . We refer to the next lemma. 

Lemma 8 ( |EG A] 4-3). Let f : X ^ Y be a proper flat morphism of finite presentation. 
The set ofy&Y such that Xy is smooth over k{y) is open. 

Since / : X — )■ S" is a fibre space of non singular varieties, i.e., a projective connected 
morphism, a general fibre Xg for a closed point s G is a non singular variety. Let Div^ 
be a scheme representing a functor T — )■ Dws/k{T)- Its components are quasi-projective. 
Let r be the universal relative effective divisor on S* x Div5/Div5. Note that a fibre of a 
closed point of S* for F C S* x Div^ — > S* is an effective divisor on S. A general fibre of a 
closed point s G S* for f^^T C X x Divs — t- 5 x Div^ — ?■ Divs' is a non singular variety, 
i.e., smooth and irreducible over k[s). 

□ 

Note that Pic(Z) = Pic(5) x Pic(P'') and that Pic(P^) = Z. Let p : Z ^ S and 
q : Z ^ P^. Let (j) = vo^: X^Z. Now put them together. We have 

1. ux/s = OxiD - f*Ao) 

2. D = 11* D' + E 

3. v*{Di - D2) + a2V*q*H > D' = Ci - C2 > v*{Di - D2) 

4. Di = p*Ai + aiq*H, where Ai is a Q-divisor on S", if is a hyperplane section of P^ , 
Oi is a rational number and i = 1,2. 

5. ux/s 3 Ox{-f*Ao + E + (P*{p*Ai + a,q*H - p*A2 - a2q*H) = Ox{E + (P*p*A + 
a(j)*q*H), where A = —Aq + Ai ~ A2, a = ai — 02. 

6. /i.wf™ D fi,Ox{m{E + (f)*p*A + a(f)*q*H)) = fi,Ox{m{(j)*p*A + a(f)*q*H)). 

Note that n^O xijnE) = fj,^Ox, (p = u o [i. We refer to theory of etale cohomology for 
the following lemma. 
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Theorem 2 (Riemann existence Th.5.1 |SGA]SGAl, Ex.XI [SGA] SGA4 T.3). Let X be 

a Q-scheme locally of finite type, X""^ the analytic space associated to X . The functor ^ 
which associates X'"" to every finite etale covering X' over X, is an equivalence of the 
category of finite etale covering of X onto the category of finite etale covering of X"'^ . 

Proposition 1 (Prop4.3 Ex.VII SGA4 t.2 |SGAj ). Let F a sheaf in the sense of Zariski 
topology, Fet a sheaf over X^t and a homomorphism of cohomological functor 

H*{X,F)^H*{X,t,F,t) 
If F is quasi- coherent, the homomorphism above is an isomorphism. 
Lemma 9. (p^Ox C ®'^Oz 

Proof. We apply the next lemma to a finite morphism X"/Z. We refer to Weierstrass 
preparation lemma. 

Lemma 10. Let a convergent series g G k{xi, ■ ■ ■ such that g{0, ■ ■ ■ ^ and 

order p. Then B = k{xi, ■ ■ ■ ,Xn}/{g) is a free module over the ring A = k{xi, ■ ■ ■ ,Xn-i} 
and has a basis of classes (l,x„, ■ ■ ■ ,x^~^) mod (g). 

The convergent series rings are strictly henzelian. Hence X" /Z is Kummer gerbe ,i-e., 
cyclic cover, with respect to the etale topology. We have iy*Ox" = ©i=o~^^^(~[^-^])5 
where D is an effective divisor with respect to the etale topology. Note, however, that 
the composition of the morphisms X" — Z and Z — )■ P*" is a connected morphism. 

□ 



4 Cyclic Cover 

Let L = Ox{4'*q*{bH)). Here 6 > is taken sufficiently large. Choose a non singular 
irreducible divisor D such that L®" = Ox{D). Take a cyclic cover Y = Spec©o<j<n-i 
of X, which denotes r : Y ^ X. Let D = diva. Here a is a section of Ox{D). Let Y be 
SpecOx[T]/{T"' — a). Note that F is a non singular variety and Y/S is a fibre space. By 
adjunction formula, Cy(Ky) = Oy{t*Kx ®t*L^^''-^'>) since Ky + t*L = t*{Kx + D). It 
is well known r*Cy = (Bo<i<n-i{L~^)®\ Hence by projection formula, t*^;^^ = T*(9y 
iofPg ® ^®m(n-i)^ Let ^ = / o r. We obtain g.ufj'^ = ®o<i<n-if*{ujfl^s ® 
and det g^u^J^^ = ®o<i<n-i det ^(w®^^ ® L^im{n-i)-i)-^_ 

Proposition 2. g.u^Jl = f^inOy ®Ox ^xjs ®Ox ^^'"("-i)) C ©'^ ©o<^<n-i ©C5 ® 
Os{TnA), where Vi = dimr(P'', 0{{mai + b{m{n — 1) — i))H). 
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Proof. Prom the argument above, we have g^ujf'pg C ®o<i<n-if*{<^xTs L®^'"^""^)"')) C 
®o<i<n-iP*{(l>*{Ox{rnE)) (g) Oz{maiq*H + mp*A + b{m{n - 1) - i)q*H)), which is an 
injection into the following sheaf since (p^OximE) = i'^:fj,^Ox{'>TiE) — u^^^^Ox — (t>*Ox C 

e'^ eo<i<n-i p*Oz{{ma + h{m{n - 1) - i))q*H) ® Os{ [m^l ) = 

®'^®Q<i<n-i ®0''^ ®Os{\mA\). Here n = dimr{P\ 0{{ma + b{m{n - 1) - i))H). Note 
that lA] = A + {—A}. See the following lemma. 

Lemma 11. p^Oz{{mai+b{m{n-l) -i))q*H) ^ ®Os\ w/iere n = dim r(P^ C>((mai + 
b{m{n-l) -i))H). 

□ 

We may assume that if b is taken sufficiently large, the generic geometric fibre of Y/ S is 
of general type, if necessary, the canonical invcrtiblc sheaf over the generic geometric fibre 
of Y/ S is abundant with R^g^^oOyJ^^ = for i > 0. The composite map t ov o ^ -.Y ^ Z is 
generically finite and the invertible sheaf q*H is relatively ample with respect to p : Z ^ 5*. 

Lemma 12. Let S be a non singular variety. Let L be an invertible sheaf and E' and E 
locally free sheaves of finite rank over S. Given the exact sequence ^ E' ^ E <S) L and 
E^O"" for some n > 0, then k(L®'' (g) (det E')'^) > 0, where r = rank^;'. 

Proof. Take the dual and we have a homomorphism {E ® L)* — )■ {E')* and let the image 
be F and K the kernel. F and K arc torsion free and locally free outside a closed subset 
of codimension > 2, which we denote S°. F is of the same rank as E'. We have the exact 
sequences O L)* F and O L -> (E)* F ® L ^ over S". 

Thus F ® L is globally generated and F ® L ^ {E')* L is an isomorphism over S°. 
Hence dct(F ® L) C dct{{E')* ® L). Note that det((E')* ® L) = L®'' ® (det E')-^, where 
r = rankE'. Therefore k{L®'' ® (det E')-^) > 0. □ 

Proposition 3. k{0 s{\mA'\)) > K{dQig^ufPg) 

Proof. Apply the lemma above to the following formula, g^UyJ^ C ©'^ ©o<i<n-i ®0^g 
Os{mA), where = dimr(P'', C((mai + b{m{n — 1) — i))H). □ 

Consider the case when m — 1. Let D he a, classifying space for a variation of Hodge 
structure and let F be the monodromy group, which is a subgroup of the arithmetic group 
of all hnear automorphism group of if^™^*(Xs,C) which preserve a certain condition. 
Let $ : (S" — > r\D be a holomorphic period mapping satisfying the Griffiths transeversality 
relation. A period mapping $ gives rise to a variation of Hodge structure by pulling back 
the universal family over F \ D. Since the generic geometric fibre of Y/S is of general 
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type and Yax{Y/S) > dim 5", the period mapping $ is a finite to one mapping. Hence we 
obtain k{A) = dim 5'. 

Kawamata proved the next theorem under the condition that the generic geometric 
fibre has the abundant canonical invertible sheaf and KoUar proved it when the generic 
geometric fibre is of general type. 

Lemma 13. K{det g^uofPg) ^ var(F/5) 

Lemma 14. Given the exact sequence ^ E' ^ E ^ E" ^ 0. If E is weakly positive 
and if det E' is big, then det E is big 

Proof. Since the quotient of a weakly positive sheaf is weakly positive, the exact sequence 
— )■ i?' — )■ — )■ i?" — 7- 0, where E is weakly positive and det E' is big, gives the conclusion 
that det E = det E' ^ det E" is big. □ 

Proposition 4. IfYw:{Y/S) > var(X/5') = dimS", maXm>o /^Idet /*c<;f ^) > dim 5". 

Proof. There exists an exact sequence — )■ 05 ([mA]) — )■ f*ijj'^s '-'^^^ Take the dual 
to get the homomorphism {,f*^^s)* ~^ Os{.—[i^^)- Let the image denote F and let the 
kernel be K. They and f*(^xjs torsion free and hence there exists an open sebset 5*° 
such that dim S — dim(S' \ 5*°) > 2 and that K, F and f*oj'^g are locally free. Note that 
F C O s{—[mA\) and so (^^([mA]) — > F* is a non zero injective map to a torsion free of 
rank one and that (^^([mA]) is big for infinitely many m since there exist infinitely many 
m such that \mA\ = niA = [niA]. 

Hence we have the exact sequence — > — ?> (/*i^x/s')* — — of locally free sheaves 
of finite rank over S". Thus we have the exact sequence — )■ F* — )■ f*(.^x}"s ~^ ^* ~^ ^ 
of locally free sheaves of finite rank over S°. Let E' = F*, E = /*wfy^ and E" = K*. 
Consider sheaves over S°. Since the quotient of a weakly positive sheaf is weakly positive, 
the exact sequence —)■£"—)■ —)■ -E"' — )■ 0, where E is weakly positive and det E' is big, 
gives the conclusion that det E = det E' (S) det E" is big. 

Recall Osi[mA]) C A^f^^, we have det /.wf™ = Osi[mA]) (g) detG, where G is 
the cokernel of the monomorphism (^^([mA]) C f*oo'^g. detG is weakly positive and 
^^([mA]) is big for infinitely many m. Therefore (9s([m/l]) ® detG is big for infinitely 
many m. Therefore maXj„>o fi;(det f*oj'^g) = dim 5. □ 



5 Mochizuki's Galois theory 

Let k be an algebraically closed field of characteristic 0, say, the complex number field. We 
investigate the birational algebraic geometry from the point of view of the profinite Galois 
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groups thanks to Mochizuki theory. Let X —t- 5 be a fibre space of smooth algebraic spaces 
over k. Let Speck{ri) denote the generic point of the fibre space and k{f]) the algebraic 
closure of k{ri). The absolute Galois group of R(X) is defined to be the Galois group with 
KuU topology of the Galois etension R(X)/R(X), which denotes Tx = Gal(R(X)/R(X)). 
This is a pofinite group. 

Theorem 3. fMch^ Let p be a prime number. Let K be a subfield of a finitely generated 
field extension of Qp. Let be a smooth pro-variety over K and a hyperbolic pro- 
curve over K . Let Hom^™(Xi^, Y/^) be the set of dominant K -morphisms from to 
and Homp'^'^(nx^, Lly^) the set of open continuous group homomorphisms — )■ Lly^^ 
over Tk, modulo up to inner automorphisms arising from Ay^. Then the natural map 

Hom|'-(X;,, Yk) ^ Hom°P7(nx,, Hy^) 

is bijective. 

Here we have a natural homomorphism tti{Xk) — )■ ^k- Let be the maximal pro-p 
quotient of the geometric fundamental group 7fi{Xf^). Let — '^i{^k) / ker(7ri(Xjf ) — )• 

Theorem 4. IMchf Let p be a prime number. Let K be a subfield of a finitely gen- 
erated field extension of Qp. Let L,M be function fields of arbitrary dimension over 
K. Let Homspec(K)(Spec(L), Spec(M)) be the set of K -morphisms from M to L. Let 
Homp^'^"(ri, Fm) over Tk, considered up to composition with an inner automorphism 
arising from ker(rM,rK), where and Tm o^^e the absolute Galois groups of L and 
M, respectively. Then the natural map Homi^(Spec(L), Spec(M)) Homp^°°(rL, Fm) is 
bijective. 

Theorem 5 ( |SGAj SGAl EX. IX Th.6.1). Let S be the spectre of an Artinian ring 
A with the residue field k , k a algrbraic closure of k, X an S scheme, Xq = X k, 
Xq = X®Ak, a a geometric point of X , a its image in X and h its image in S. Suppose that 
Xq is quasi-compact and geometrically connected over k. Then the sequence of canonical 
homomorphisms 

1 7ri(Xo, a) 7ri(X, a) 7ri(S', 6) 1 

is exact and 

ni{S,b) = ni{k,k) = Ga\{k/k) 
We in fact use the following homotopy exact sequence. 
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Proposition 5 f [TM] Prop.5.6.1, [SGA] SGAl, [GG] Lemma 5 182-20). Let X be a 

quasi- compact and geometrically irreducible and connected scheme over a field k. Fix an 
algebraic closure k of k and let ks the separable closure of k in k. Let X = X ®kks, x a 
geometric poit of X with values in k. The sequence of profinite groups 

1 7ri(X,S) -)■ Tii^X.x) -)■ Ga\{ks/k) -> 1 

is exact. 

Proposition 6. Let k be an algebraically closed field of characteristic 0, k{x) and k{y) 
extension fields of k. Suppose k{x) k{y) — )■ k{x,y) is injective. Then 

ni{Speck{x, y), (x, y)) 7ri(SpecA;(x) ®k k{y), (x, y)) 

is an isomorphism. Furthermore we have an isomorphism: 

7ri(Specfc(x, y), {x,y)) — )■ 7ri(SpecA;(x), x) x 7ri(Specfc(t/), |/) 

Proof. For an inclusion k{x) k{y) C k{x, y) there exists a canonical dominant map: 
Spec/c(a;, y) — > SpecA;(x)®fcA;(?/) and a group homomorphism: 7ri(SpecA;(x)®fc^(l/), (a;, |/)) — )■ 
7ri(Specfc(x) ®k k{y), {x,y)). By universality of product there exists a homomorphism 
of groups 7ri(SpecA;(a;) (g)^ k{y), {x,y)) — )■ 7ri(Spec/c(x), x) x 7ri(SpecA;(?/), |/) since we have 
ni{Speck{x)®kk{y) , {x, y)) — )■ 7ri(SpecA;(a;), x) and '7ii{Speck{x)®kk{y) , {x, y)) — )■ 7ri(Specfc(y), y). 
We have the following commutative diagram of three exact sequences. 

1 s- 7ri(SpecA;(x), x) ^ 7ri(Spec/c(x, j/), (x, y)) ^ 7ri(Specfc(?/), |/) ^ 1 

1 ^ 7ri(SpecA;(x), x) ^ 7ri(SpecA;(x) ®k k{y), (x, y)) ^ ni {Speck {y),y) ^ 1 

1 ^ 7ri(SpecA;(x), x) ^ 7ri(SpecA;(x), x) x 7ri(SpecA;(y), y) 7ri(Spec/c(?/), |/) ^ 1 

Four arrows of both sides of exact sequence are isomorphisms. There are two arrows 
among profinite groups in the center of exact sequences. Hence they are isomorphisms. 

□ 

Proposition 7 ( |Mch] ) . Let L be a sub-p-adic field and a function field. The absolute 
Galois group Tl is center-free. 

Proposition 8. Let K be an algebraically closed field of characteristic and L a function 
field. The absolute Galois group Tl is center-free. 
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Proof. Let K be an algebraically closed field. It is known by Douady that the absolute 
Galois group of the function field of is a free profinite group. Every open subgroup 
of a free profinite group is also free( |FJ] ). A free profinite group is center- free. Let X 
be a variety associated to L. X is considered to be a fibre space over a projective space 
P with a general fibre a curve. Let M be the absolute Galois group of the function field 
of P. Note that the absolute Galois group M is center-free since a projective space is 
birationally equivalent to a product of projective lines. A natural group homomorphism 
/z : L — )■ M is surjective The image of the center of L by /i is contained in the center of M, 
which is an identity. Hence it is contained in ker h, which is the absolute Galois group of 
the general generic fibre of X/P. An absolute Galois group of a curve is open subgroup 
of the absolute Galois group of the function field of a projective line, which is center-free. 
Thus ker h is center-free. Therefore L is center-free. □ 

Let p be a prime number. Let i^' be a subfield of a finitely generated field extension 
of Qp. It is called a sub-p-adic field. Note that there exists an isomorphism l : K = C 
when K is uncountable. 

Let Xfj be the geometric generic fibre of X/ S. Then there exists a variety Fk^ and a 
finitely generated extension field Kq of Q such that Fk„ x^o C = Xfj. 

Note that Birc(X^^) = BiT-^{FKo ^Ko 

Let vr : Fi?^ — )■ Tk denote the structure map associated to Spec K (Fx) — )• Fx — )■ 
Spec(i^'), which is a surjection since K is algebraically closed in the rational function field 
of F . Let Z(Tpj^) denote the centre of F^^. Then tt induces n : Z(Tpj^) — )• Z{Tk). 

Lemma 15. Let K be a field of characeristic 0. Let A be an algebraic space in group 
locally of finite type over K (i.e. with at most countable components) and let p : Tsi^ — ?■ A 
be a continuous homomorphism as topological groups. Then 

1. The image of this homomorphism p is a finite group. 

2. Let P = Tsif. There exist a variety S'j^ which is generically finite over Sk and 
an infective homomorphism P' ^ P with {P' : P) < oo such that the represen- 
tation p' : P' A is trivial. Here P' denotes the absolute Galois group Ts' = 

Proof. An algebraic space in group A is locally of finite type over K. The representation 
p : P ^ A induces p : P — )■ where A^ denotes the neutral component of A. Note 

that there is no countable profinite group. Since A/A^ is a countable set, p(P) is a finite 
group. Replace by P the kernel of p. We have p : P ^ A^. We have an isomorphism 



H\K{Sk)/K{Sk),A\K{Sk))) = H\P,A') = Hon^;^- ^_^{P, A 
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H] (Spec K{Sk),A^) = TORS{Spec K{Sk),A^). 

Let Q be an A^-torsor over Spec K{Sk) associated to p : P — )■ A^. A^ is algebraic (quasi- 
compact, faithfully flat and of finite type) over Spec K{Sk)- There exists an isomorphism 
A^xQ QxQ over Spec K(S'i^). Thus along Speci^(Q) Q Spec K{Sk), the pull- 
back of A^-torsor Q becomes trivial. Namely, the y4*^-torsor Q is trivial over Spec i^'(5'^)). 
Hence the induced homomorphism Gal{K{Q)/ K{Q)) — )■ A^ is trivial. Let 5^ — )■ Sk be 
dominant and S'j^ the subvariety of Q of the same dimension as Sk- Then Tq ^ Ts'^^ is 
a surjective homomorphism. We have 

Tq ^ Ts' c ^ A° ^ A. 



Since Fg — > A° is trivial, i.e., Fg — )■ 1, F^^ — )■ A is trivial. It is obvious that (Ft 
Fs^) < oo. Hence im(p) is a finite group. 



□ 



Note that a quotient of a scheme by a finite group is in the category of algebraic 
spaces. 

Proposition 9. Let X/ S be a fibre space. Let 1— t-G— t-E'— t-P— t-I be an extension 
of a pro finite group P by a pro finite group G associated to a fibre space X S. Namely 
G, E and P are profinite groups which are the absolute Galois groups associated to the 
rational function fields of the generic geometric fibre Xfj, X and S, respectively. 

Proof. Let X/S be a fibre space with the generic geometric fibre Xfj. To a fibre space 
the epimorphism Fr(x) — > ^k{s) is associated. Consider a morphism Spec(R(X)) — )• 
Spec(R(5')) with the generic geometric fibre SpecR(X^|). Grothendieck's algebraic tti 
in SGAl( [5GAj ) gives the exact sequence: 1 — ^ 7ri(SpecR(X^|)) — )• 7ri(Spec(R(X))) — i- 
7ri(Spec(R(S'))) — > 1. Here 7ri(SpecR(Xjj)), 7ri(Spec(R(X))) and 7ri(Spec(R(S'))) are the 
absolute Galois groups G, E and P themselves, respectively. See the diagram: 



X 



Xfi 



R(X) 



5* ^ SpecA;(?7) 



R(5) 



1 



Thus to a fibre space X/S the extension of a profinite groups 1— i-G— i-P— i-lis 
associated. □ 

We make use of theory of Schreier's classification of group extensions, Grothendieck- 
Giraud's classification of topos extensions or Breen's classification of 2-gerbes and 2- 
stacks.( [AM] . |Gir] . [Breenlj . |Breen2] ) Here we take the notion of Breen's. 
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Definition 4. An extension of groups 1— t^G— t^-E— >P— t-I is said to be neutral if it 
has a section which is a group homomorphism a : P ^ E. 



An extension of groups 1— t-G— t-E^— t-P— t-I is said to be central if G is contained in 
the center of E. 

E is said to be a semi- direct product of G and P if G is a normal subgroup of E and if the 
multiplication (x, y),{u,v) G G x P is defined by {xu^, yv), where = a{y)ua{y)^^ . 
E is denoted by G x P. 

Inn(G) denotes the inner automorphism group of G. E Ant{G) denotes the nat- 
ural homomorphism x & E ^ {g ^ g^) G Aut(G). Out(G) is defined to be 
Aut(G)/Inn(G). This induces a homomorphism E/G — ?■ Aut(G')/Inn(G'),z.e., P — )■ 
Out(G). 

We call left crossed module a homomorphism of groups 6 : G ^ H, equipped with a left 
action of H onto G {h,g) i— )■ ^g( JBreenl^ ): 



1. 5{^g) = h5{g)h-^ 
^9 = 9' 99' 



2^ S{9')^ — 



G ^-^H 



Aut(G') 

i : G ^ Aut(G), where g i— i- ig{x h-> gxg^^), and the natural action Aut(G) onto G 
defines a crossed module, which denotes G — t- Aut(G). 

To an exact sequence 1 InnG — t- AutG — t- OutG — ?■ 1, we have an exact sequence 
H^(P, InnG) -> H^(P, AutG) ^ H^(P, OutG), 

i.e., 

Hom(P,InnG) ^ Hom(P,AutG) ^ Hom(P, OutG). 

Here OutG denotes the outer automorphism group of G. Let G AutG denote the 
crossed module. The set of the etensions of a profinite group P by a profinite group G 
denotes Ext(P, G). A group extension can be defined to be as an element of H^(P, (G — > 
AutG)). There exists an exact sequence 1 — t- Z(G)[1] — )■ (G — )■ Aut(G)) — )■ OutG — )• 
1 ( jBreen2] ) . We have the exact sequence of cohomologiesf [B"reen2j ) : 

^ H2(P, Z(G)) ^ Hi(P, (G ^ AutG)) ^ Hi(P, OutG). 
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Here Z(G) denotes the center of G. There exists another sequence Aut{G) — )■ (G — )■ 
Aut{G)) —7- G[l] in the homotopy category. See the next commutative diagram: 

H^{P, Inn{G)) H\P, Aut{G)) H^{P, Z{G)) 

H\P, Aut{G)) H\P, G Aut{G)) 

H\P,Out{G)) 
H%P,ZiG)) 

This vertical sequence is nothing but the following exact sequence 

Ext(P, Z(G)) ^ Ext(P, G) Hom(P, Out(G)) ^ H%P, Z{G)) 

When Z{G) = 0, an extension 1— J-G— i-P— i-lis determined uniquely 
bya continuous group homomorphism : P — )■ Out(G) pulling back the exact sequence 
l^G^ Aut(G) -> Out(G) ^ l(cf.22 Th.4.8(IXM]). Hence 

H\P, G Aut(G)) ^ H\P, Out(G)) ^ Hom(P, G) 

In general we refer to the following theorem. 

Theorem 6 ( ^Girj . [Breenlj . [Breen2j . [Rouj . [XM] ). There are equivalent expressions of 
extensions ofTsj^ by G. 

1. 

BiTors(G) ^ Eq(G[l]) ^ (G ^ Aut(G)) 
as monoidal categories. 

2. 

i7i(rs,„BiTors(G)) - H\V s,,^^{G{l])) - H\Vs,, (G ^ Aut(G))) 
as pointed sets 

3. 

Mon(rs,,BiTors(G)) = Mon(r5,, Eq(G[l])) = Mon(r5,, (G ^ Aut(G))) 
as morphisms of monoidal categories. 
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Proposition 10. Let K be a field of characteristic 0. Let K{x) and K{y) be function 
fields over K. Assume K{x) ®k K{y) — )■ K{x, y) is an inclusion of K-algebras. Then 
'iTi{K{x,y),{x,y)) tci{K{x), x) ^^^(k,k) '^iiK{y),y) is isomorphic. 

Proof. Let K be an algebraic closure in an algebraically closed field which is an extension 
of K. Let G = 7Ti{K{x),x), = 7ri{K,K). The following diagram in two vertical 
extensions in the right-side is a base-change of extensions: 

1 1 1 

G 

??- n,{K{x,y),ix,y))^ ni{K{x),x) x 7r^{K{y),y) 

TTi {K, K) TTi {K{y) , y) tti {K{y) , y) 



There exists an exact sequence: 1 — )■ 7ii{K{y),y) — )■ TTi{K{y),y) — )■ tti{K,K) 1. 
Consider the following exact sequence of extensions and an element C, associated to the 
central vertical extension in the diagram above: 

1 ^ Monr,(rx,Eq(G[l])) ^ Monr,,(7ri(K(t/), y)), Eq(G[l])) ^ Monr-(7ri(Z(y), Eq(G[l])) 

The image of ^ in Monp— (vri(i^(?/), |/), Eq(G[l])) is a trivial. Hence there exists an ex- 
tension ^0 in Monr^(rii', Eq(G[l])) whose image is ^ in Monr^,(7ri(f('(?/), |/)), Eq(G[l])) 
corresponds to a vertical extension in the left-side. Thus ?? is 'n'i{K{x),x). Therefore 

7ri{K{x,y),{x,y)) =tti{K{x),x) ^^^(^k,k) T^i{K{y),y) 

□ 

From here in several steps we shall prove that when there exists an ^-dominant rational 
map Y ^ X and when var(y/S') = 0, then var(X/S') = if the general generic fibre of 
X/S is of Kodaira dimension > 0. 

Proposition 11 ( jEG A] ) . Let S be a scheme, {X\,vx^) a filtered projective system of S- 
schemes; assume that there exists a such that Vax is an affine morphism for every X > a, 
so that the projective limit X = limX^ exists in the category of S -schemes. Let Y be 
an S-scheme and for every \ > a let e\ : Y{om.s{X\.,Y) — t- Y{om.s{X .,Y)the map which 



16 



gives f = f\ o v\ to each S-morphism f\ : Xx — )■ Y, where v\ : X ^ Xx is the canonical 
morphism. The family {ex) is an inductive system of maps, which defines the canonical 
map 

limHom5(XA,y) ^ Hom5(X,y). 

Suppose that X„ is quasi-compact and quasi- separated and that the structure morphism 
Y ^ S is locally of finite presentation (resp. locally of finite type). Then the map above 
is bijective (resp. injective). Furthermore, suppose that limYp, where {Yf„tf„ is a fil- 
tered projective system of S -schemes such that the structure morphism is locally of finite 
presentation for every p. One has a canonical bijection 

Roms(X,Y) ^ lim(limHom5(XA, yp)). 

Proposition 12. Let K be a sub-p-adic field and X/S a fi,bre space of varieties over K. 
Let Sx be a filtered projective system of K -varieties such that 

1. K{S\) / K{S) is a normal eodension for every A 

2. the structure homomorphism Tk{Sx) ~^ is surjective. 

Let V-g — ker(r5 — >■ Tk) and — ker(rx — >■ ^k)- Suppose that there exists a sectional 
homomorphism V-g — >■ r;^' C Fx so that one has a homomorphism F-g — >■ Autrj^{Tx) and 

Let B{S) = ini(r;5 lim(limHomp^'*(rx;^, rx^)/r^). One has a canonical Mochizuki 
bijection: 

lim(limHom°^;'^(rx„ T^J/r^;;) ^ lim(limMo4°™(Spec(X(X,), Spec{K{X,))). 

* M A* ' M a' 

By the precedent proposition, one obtains 

lim(limMor|'"(Spec(/s:(XA), Spec{K{X^))) C Mor;^(lim Spec is:(XA),lim Spec ir(X^)). 
One also gets canonical homomorphisms of topological groups: 

Tg ^B(S)C AutK{limSpecK{Xx)) C Bir^(X^). 

In the other way, one obtains a canonical homomorphism 

Fg ^ B(S) ^ Autr^(limrx„ limrxj/limr^ ^ Out(rx^). 

In particular, if Fg — >■ BiYj^{K{X^) is a trivial homomorphism, then so is Fg — >■ 

Out(rx^). 
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Proof. Since Sx be a filtered projective system of varieties such that 

1. K{Sx)/K{S) is a normal extension for every A 

2. for every fj. > \ K{S^)/ K{S\) is a normal extension 

3. the structure homomorphism I'k{Sx) ~^ is surjective, 

and by assumption there exists a sectional homomorphism F-g — > C Fx, one has a 
homomorphism — > Autr^(rx) and Tg Autr^^ (rx;^). By Mochizuki's theorem, one 
has 

limHom°7(rx„ TxJ/r^ = limMorl°™(Spec(A'(XA), Spcc(/i (X^)). 

Hence 



lim(limHom^7(rx,, r^J/r^) ^ lim(limMor*-(Spec(X(XA), Spec(ir(X^))) 

Owing to Mochizuki's bijection and the precedent proposition in EGA, 

^ lim(limMor^'"(Spec(A:(A:A),Spec(A:(A:^))) C Morx(limSpecA:(A:A),limSpec A:(A:^)) 

' M A* ' A * M 

Therefore one gets non trivial canonical homomorphisms of topological groups: 

Aut;^(lim Spec K{Xx)). 

Note that 

Aut/f(limSpecA:(A:A)) C Aut^(SpecX(A:i^)) = Bir^(A:^) 
Secondly, we show that there exists a canonical homomorphism 
Autr, (lim Fx, , lim TxJ/ lim ^ Out(rx^) . 

* A ' M ' M 

Since lim Fx;^ — > , one has a canonical map 

Homr^(rx^,rx^) Homr^QimTx;,, T^^). 

It follows that 

lim(limHom^^-(rx,,rxJ/r^) ^ lim(Hom^^-(limrx„rxJ/r^) 

M A M A 

and from the definition of the projective limit 

lim(Hom^7(limrx„rxJ/r^) = Hom°7(limrx,,limrxJ/limr^ 

M A A ;i 
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Since 

one has a canonical map 




and a canonical homomorphism 




□ 

We consider the following diagrams: 



X K Sk ^ Xk ^ Sk 




Proposition 13. Let K be a sub-p-adic field and Xk/Sk a fibre space over K . Let Fx^, 
Tgp and be the absolute Galois groups of the sub-p-adic fields K{Xk), K{Sf) and K. 
respectively. To a fibre space X^/Sk up to birational equivalence, i.e., algebraically closed 
extension K{Sk) C K{Xk), there corresponds an exact sequence: 

1. The extension of pro finite groups above is expressed by an element of the pointed set 

//^(r5^,(r^^^Aut(r^^)). 

2. The following is bijection H^Tg^, {Tp^ Aut(rF^)) ^ H^Vg^, Out(rF^)) 
3. 

H\rs^,Aut(rp^))^H\rs^, (r^^ ^ Aut(r^^)) 



19 



4- Let S'j^ — >■ Sk be a dominant K-rational map and X'^^/S'j^ a pull-back of Xk/Sk- 



X 



K 



S' 



K 



lim Autr,, {Tx',))/Tf^ ^ Aut(r^^)/r^^ 



Proof. 1. There exist a natural restrictions KntYjiiTxn) ~^ Aut(rjss:^). 

2. Let p : Fx^ ~^ be the structure map. Let w be a F^^- automorphism Fx^ and 
X e Txff. p{u{x)) = p{x) ^IeVk- Hence u{x) e Vx^- 

□ 

Lemma 16. Assume there exists a dominant Sx-rational map Xk Sk — ^ X^- Then 
there exists a continuous homomorphism F^^ — )■ Autr^(Fx^), which is an element of 
if^(Fs^, Autr^(Fx^)). In other word, we have F^^ AutK{K{XK))- The following 
square is commutative. 

H\rs^,AutrA^xJ)^H\rs^, (F^^ ^ Aut(F^^)) 



Proof. Since there exists a dominant (S^-rational map YkXrSk — > Xk, Mochzuki'correspondence 
imphes the commutative diagram of open homomorphisms 




There exists an open homomorphism Fy^ x F5^ — )■ F^^ — )■ Ts^- Hence there exists 
a sectional homomorphism Tsp. Fx^ C Fx^- By the sectional homomorphism F^^ — > 
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r^K) we have a continuous homomorphism Fs^ — >■ Autr^(rx^) by inner automorpisms. 
Since -^IcTk, we have Ts^ Autrji{Txji)- 

□ 

Note that letting K{Sk) and — )■ 5*^ be such a finite extension in a sub-p-adic 
fields and its pull-back that h{Sk) = dim S'i^ , then k,{Xk) > i^{Fp^) + dim(5'K). 

Lemma 17. Let K he a sub-p-adic field. Assume that Bir(F^) is an algebraic space in 
group locally of finite type and that there exist a dominant Sx-rational map Sk — >■ 

Xk Then there exists a generically finite morphism S'j^ — )■ Sk such that the natural map 
if ^(r^^- , (r^?^- — )■ Autri^(TF-)) H^(Ts'^, (Tp- — )■ Aut(rF^)) sends the extension class 
to the trivial extension class, i.e., a distinguished element. 

Proof. Since there exist a dominant (S'x-rational map Yk Xr Sk — > Xk, there exist 
a section — > Txji and a F^^ — )■ Inn(Fx^) Aut(Fjss:^). Choose a if-dominant 
map S'j( — >■ Sk such that Tsi^ D is normal and of finite index. Hence it induces 
F5_ Autr,^.(rx;J. Let Aut^'?'''"''''(Fx^) C Aut(Fx^) be a subgroup such that each 
automorphism is equivariant with natural maps Fx^^ — > I'sk ~^ and keeps invariant 
normal subgroups. 

^ < ^ lim^ Fx"^ < T^.^ 

■ , \ Y " 

^Sk ^ ^s'^ ^ hm^ F5"^ ^ Tk{k) 

Tk ^K ■ ■ • ^K = 1 



Aut^^;'"'''-(FxJ/Fx^ ^Aut— '•(F^g/Fx^ ^hm^ Aut^^;'"'-(Fx^)/Fx^ 
Biri^(i^(Xj^))^'?"^''*°'' ^ Bir^(is:(X;^))'=«"^'"<^ ^ lim^ Birj^(ir(X^))^'?"^'"°'' 

Aut~xrxg/rx. ^hm^ Aut^^;'"'''^(rx.)/rx. ^ Autr,(r^j/ 

Birx(i^(X^))^^"''"°'^ ^ lim^ Bir^(i^(X^))^«"^'"'"' ^ Bir^^ (is:(Fx)) 
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Thus by the precedent proposition the image of F^^ B{Sk) C Bir(X^) is fi- 
nite and there exists a homomorphism Vsf^ — > B{Sk) — )■ Out(ri7'^). Thus one can ob- 
tain there exists a generically finite morphism S'^^ — > Sk such that the natural map 
H^i^Sa: C)ut(ri?^)) — >■ H^(rs'^, 0ut(rj7^)) sends the extension class to the trivial exten- 
sion class, i.e., a distinguished element. □ 

Proposition 14. We have the following results. 
1. 

jjQ^open,ep^(r^^, Ts^)/T^ - Mor^^-'=^''^^'^(Spec K{Xk), Spec K{Sk)) 

, where epi and alg. closed mean epimorphisms and K{Xk)/ K{Sk) algebraically 
closed eoctensions, respectively. 

2. (1) is equivalent to a category of fibre spaces between projective varieties 

Xk 

Sk 
SpecX 

up to birational equivalence. 

3. there exists a restriction map 

Hom^-(rx,, r^J/r^^ ^ Hom°7(r;,^, Vs^)/Vs^ 
, where Vj^ — 1 . 

4.. the following map is pulling back extensions or "base change". 

Ext(r5,, r^_) ^ Ext(r5-, r^_) 
1 1 

— ^ Tf- 

^Xj^ ^ ^Xk 

^s^ ^ Tsi, 
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5. the following is an exact sequence. 

l^Tx^^ Tx^ ^ ^ 1 
1 Homr^(rK,r5^) Homr^(rx^,r5^) Homr_(rx^, T^-) 

6. 

1 ^ ^ r^^ ^ r^^ ^ 1 

1 ^ Monr,(rK,Eq(G[l])) ^ Monr,(r5,, Eq(G[l])) ^ Monr_(rs^, Eq(G[l])) 

7. 

Hom°^;"(r^^, rK)/rK = Mor^(Speci^(F^), SpecK) 

Proof. 1. Applying Mochizuki theory we have (1) and (2) since a fibre space has con- 
nected fibres. 

2. (3) is obtained by restricting homomorphisms to homomorphisms over 1 = Tj^ 
Tk. 

3. (7) is Mochizuki correspondence. 

4. (4) and (6) are pulhng back extensions by base change Ts^ — )■ ^Sk- 

5. (5) Applying a left-exct functor Homr^^ we have an exact sequence. 

6. The contravariant functor Homr^ (— , T^^) is a left-exact. Note that Homr^^ (— , Tg^) = 
Homr_(-,rs^). 

7. The contravariant functor Monr^(-, Eq(G'[l])) is left-exact. Note that Monr^(r5^, Eq(G'[l])) = 
Monr^(r5^,Eq(G[l])) 

□ 

Proposition 15. Let K be a sub-p-adic field. Assume that Bir(Fff ) is an algebraic space 
in group locally of finite type and that there exist a dominant Sx-rational map YxXrSk ~^ 
Xk Then there exists a generically finite morphism S'j^ — )■ Sk such thatthere exists a 
birational equivalence over S'j^ 

Xsk ^'k — Xk S'j^ 
, i.e., Xk/Sk is birationally isotrivial. 
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Proof. Let K he a sub-p-adic field. Assume that Bir(F^) is an algebraic space in group 
locally of finite type and that there exist a dominant Sx-rational map Yk Xr Sk — ?■ Xk 
Then there exists a generically finite morphism S'j^ — )■ Sk such that the natural map 
H^iTsj^, (r^^ Autrj^(rp'^,)) — 7- H^{Ts'^^, (Lf^ — ^ ^^^(rp'^,)) sends the extension class 
to the trivial extension class, i.e., a distinguished element. Let G = ^Fj^- One has the 
following exact sequence: 

1 ^ Monr,(r^,Eq(G[l])) ^ Monr,(r5^, Eq(G[l])) ^ Monr-lL^^, Eq(G[l])) 

The element of Xk^Sk S'k in Monr^(rs^, Eq(G'[l])) maps to 1 in Monr-{T sl_, Eq(G'[l])). 
Hence choosing a variety Fx one obtains Xk x S'k = F'k ^kS'^ birationally by pull-back 
and Mochizuki correspondence. 

□ 

6 Birational automorphism groups in Algebraic Ge- 
ometry 

Theorem 7. Let X he a non singular projective variety of Kodaira dimension > 0. 
Bir{X) is a scheme which is locally of finite type. 

We shall prove the theorem using the following Lemmas. 

Lemma 18. Let X be a quasi-projective variety. Then Aut(X) is a group scheme which 
is locally of finite type. 

Proof. Since X is quasi-projective, it suffices to consider some compactification X of X 
and Hilbxxx- n 

Let Aut°(X) denote the connected component of Aut(X) which contains an identity 
of the group. 

We refer to the following A.Weil-M.Rosenlicht's theorem. 

Theorem 8. ( IRoV ) Let the algebraic group G operate on the variety V and let k be a 
field of definition for G, V and the operation of G on V . Then there exists a variety V' , 
birationally equivalent over k to V, such that the operation of G on V that is induced by 
its operation on V is regular. 

Lemma 19. Let X be a projective variety. There exists an inductive system of monomor- 
phisms Aut°(Xi) — )■ Aut°(Xi_(_i) such that Xq = X, Aut'^(Xi) acts regularly on some quasi- 
projective variety Xj+i which is a quasi-projective variety Xi\H where H is a hypersurface 
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of Xi. The inductive limit of the system (Aut (Xi))igi is locally compact Lie group and 
an ind-algebraic space. Hence it is a pro-Lie group. If X is of Kodaira dimension > 0, 
the birational automorphism group is locally algebraic. 

Proof. By Weil-Rosenlicht's theorem([?]) and the lemma above, we can construct an in- 
ductive system of monomorphisms Aut°(Xi) — )■ Aut°(Xi+i) such that Xq = X, Aut°(Xi) 
acts regularly on some quasi-projective variety Xj+i which is a quasi-projective variety 
Xi\H where if is a hypersurface of X^. Since any Aut°(Xi) is an algebraic group, the in- 
ductive limit is a Baire space in the complex topology, i.e., an inner point in the limit space 
is also an inner point some Aut°(Xi). Thus the inductive limit of the system (Aut°(Xi))igi 
is locally compact Lie group and an ind-algebraic space, which is also a pro-Lie group. 
When k{X) > 0, there exists a maximal algebraic group birationally acting on X by 
|Matj . Hence the inductive limit is an algebaic group which turns out to be an abelian 
group by [Mat]. □ 

Thus the theorem above is proved. 

Hence the theorem in the preceded section is equivalent to the following theorem. 

Theorem 9. LetX/S be a fibre space with the generic geometric fibe of Kodaira dimension 
> 0. If X/S is neutral, then X/S is isotrivial. 

Proof. The birational automorphism group of the generic geometric fibre of X/ S is locally 
of finite type. Hence the extension 1— t-G— t-E'— t-P— t-I associated to a fibre space X/ S 
satisfies the assumption of the theorem in the preceded section. □ 

7 litaka-Viehweg conjecture 

Theorem 10. Let f :— )■ S be a fibre space X/S with the generic geometric fibre Xfj of 
Kodaira dimension > 0. 

K(det f^u'^Js) ^ var(X/S) 
The proof shall be obtained by combining the next two lemmas. 

Lemma 20. Let f : X ^ S be a fibre space X/S with the generic geometric fibre Xfj of 
Kodaira dimension > 0. There exists a fibre space g : Y ^ S such that 

1. h : Y ^ X is a cover over X such that g = f oh, 

2. the generic geometric fibre Yfj of Y / S is of general type, if necessary, the canonical 
invertible sheaf of Yf^ is taken to be abundant. 
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3. /€(det f.ujfjs) = '^(det g^oof^s)- 

Proof. Embed X into some projective space P and X/ S into the trivial fibre space S" x P. 
Let i : X — > S* X P be the embedding over S. Choose a general hyperplane if in 5 x P 
such that the intersection X fl if is a non singular variety and H = Ho x 5* is horizontal 
in S" X P. Take a branch cover Y of X along H. Choose a hyperplane H such that Y/S 
has a general fibre of general type. We have proved ^(det f*ujx'js) ~ /^(det g^:ijjYjl)- □ 

By KoUar's theorem, if necessary, Kawamata's theorem ( |Kawj ) . 
Theorem 11. K{det f^cOxTs) = '^(^^t g.ujfj's) > var{Y/S). 

Lemma 21. Let Y/S andX/S be fibre spaces over K andX/S with the generic geometric 
fibre of Kodaira dimension > 0. Assume that there exists a dominant S -rational map 
Y ^ X. Then var(Y/S) > var(X/S). 

Proof. Let var(y/S') = v. By definition of Viehweg dimension, there exist varieties S', T 
and Yq such that Y S' is birationally equivalent to Iq S' with Yq/T a fibre space 
and T of dimension v. Hence Yq Xt S" — )■ X x^ 5" is a dominant 5"-rational map. Let ( 
be the generic point of T and k{() the algebraic closure of k{(). The induced dominant 
S' Xt Spec(A?(C))-rational map Yq Xt (S' Xt Spec(A?(C))) ^ X x^ ^ Xy Spec(A?(C))- By 
the following lemma, var(X Xs S' Xj- Spec{k{(j) = 0. Hence var(X/S) < v. We therefore 
obtain var(Y/S) > var(X/S). □ 

Lemma 22. Let Y/S and X/S be fibre spaces over K and the generic geometric fibre of 
X/S with Kodaira dimension > 0. Assume that there exists a dominant S -rational map. 
Then z/var(Y/S) = 0, then var(X/S) = 0. 

Proof. To show that if var(Y/S) = 0, then var(X/S) = 0, the statement is valid even if 
the fibre spaces Y/ S and X/ 5* are changed to a base S' on which in the definition Viehweg 
dimension Y is birationally equivalent to Yq x S' for a variety Yq. Since Kodaira dimension 
of the generic geometric fibre of X/ S is non negative, the birational automorphism group 
is an algebraic space in group locally of finite type. Hence one obtains var(X/S') = from 
the precedent proposition. □ 
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